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Abstract. An optimal control problem with (possibly) unbounded terminal cost is considered in
P5(R%), the space of Borel probability measures with finite second moment. We consider a suitable
weak topology rendering %3 (R%) locally compact. In this setting, we show that the value function of
a control problem is the minimal viscosity supersolution of an appropriate Hamilton-Jacobi-Bellman
(HJB) equation. Additionally, if the terminal cost is bounded and continuous, we show that the
value function is the unique viscosity solution of the HJB equation.
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1. Introduction. We consider a Hamilton-Jacobi equation arising from an op-
timal control problem whose state space is a set of measures. More precisely, the
unknown of our equation belongs to #25(R?), the space of Borel probability measures
on RY with finite second moment. It is well-known that this setting is suitable for
the modelling of optimal control of population dynamics in crowd motion [35, 16] or
biology [14]. In these approaches, the configuration at time s € [0, 7] of a population
is represented by a measure p, € Z5(RY), and the evolution in time is assumed to
satisfy a continuity equation of the form

(1.1) Osptg + div (fspg) =0, s€[0,T7, Py = V.

The equation (1.1) is understood in the sense of distributions, and is the measure
counterpart of an ODE with initial term v € Z5(RY) and vector fields f; € C(RY;RY).
In this work, we study a controlled version of the continuity equation. Given some
set U C R* and a dynamic f : [0,T] x Z9(RY) x U — C(RY;R?) we consider, for
u : [0,T] — U measurable and (t,v) € [0,T] x P5(R?), the associated controlled
continuity equation

(1.2) Osprg + div (f[s, pg, u(s)] py) =0, s € [t,T], By = V.

Let (u’;””“)se[mﬂ be the solution of (1.2), whose meaning and wellposedness will be
discussed in Section 3; see also [8]. We are concerned with a Mayer type problem
associated with a cost J : Z9(RY) — R U {+00}, which may enforce terminal state
constraints when taking the value +0o. To compute the optimal control, a general
approach is to study the value function V : [0,7] x #5(R%) — RU {00} given by

(1.3) V(t,v) == inf { (™ | w:[t,T] = U is measurable} .

From the theory of Euclidean spaces, it is expected that the value function given in
(1.3) satisfies the Dynamic Programming Principle (DPP)

(1.4) V(t,v) =inf{V (s,pu"") |u: [s,T] = U is measurable} , for 0 <t < s <T.
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2 A. AUSSEDAT AND C. HERMOSILLA

The infinitesimal version of the DPP is the so-called Hamilton-Jacobi-Bellman (HIB)
equation. A classical result of the HJB theory in Euclidian spaces is that whenever
the end-point cost is real-valued and uniformly continuous, the corresponding value
function is the unique solution of the HJB equation in the sense of viscosity solu-
tions [18, 19]. In the case where the end-point cost may take infinite values, the
value function may still be characterized as the smallest supersolution in the classical
(Euclidean) sense. The purpose of this work is to transpose these results to problems
where the state evolves in the space Z5(R?), that is, our main results is concerned
with showing that the value function defined in (1.3) is the smallest supersolution of
the HJB equation in an ad-hoc sense for the space Z5(RY).
To be more precise, the HJB equation we consider in this paper is

(1.5) — Op(t, M) +H (/J’v Duv(t? /’L)) =0.

Here D,v(t, ;1) is the directional derivative at u € 25(RY) of v(t,-) along geodesics,
which is a mapping defined on &5(TRY),,, the subset of measures in %5 (R??) whose
first marginal is p; details are given in subsection 2.2. Accordingly, the (autonomous)
control Hamiltonian in (1.5) is defined over the maps p : Z2(TRY), — R as follows

H(p,p) = sup —p ((Id, flp, u])#p) -

Here the symbol # is the pushforward operator. Similar definitions of D,v and H
are used in [30] to study viscosity solutions of general Hamilton-Jacobi equations in
CAT(0) spaces, and in [29, 6] to treat the Wasserstein space by using its curvature.

The HJB equation we are interested in is a particular instance of a PDE on spaces
of probability measures, which has attracted a lot of interest since the seminal work of
Otto [34] on the porous media equation. The HJB equation, as infinitesimal version of
the DPP, involves “derivatives” of functions defined over #25(R%). This is one of the
first issues we face when studying Hamilton-Jacobi equations on %25(R?), since there
is not a unique way to introduce differentiability in #25(R%), and different notions
of derivatives may be considered; in our case for instance we have chosen directional
derivatives along geodesics. The corpus of results of the theory concerns gradient flows
in the space of measures [4, 15], the master equation in the theory of mean-field games
[13, 11], Hamiltonian systems and flow equations [3, 2] and optimal control problems
[33, 31, 17, 7, 20]. As far as classical solutions are concerned, the prominent theory
is the Lions differentiability [10], that gives a suitable definition of the gradient of a
function defined on Z25(R%). The strength of this idea is to embed measures into an
external Hilbert space, and use the Hilbertian structure therein. This strategy proved
successful to study the master equation whenever the data is sufficiently smooth to
expect a smooth solution [12, Thm. 1.5]. If such regularity is not achievable, the
most effective strategy so far uses semidifferentials defined in an appropriate tangent
space. Indeed, viscosity solutions may be defined by imposing some sign conditions
on the sub and superdifferential of the solution at any point, thus accounting for the
non-existence of a gradient. A standard choice in the literature is the regular tangent
space; see [4]. This space comes from the study of continuity equations, and may be
used to define viscosity solutions [25]. Let us mention also that the case of Eikonal-
type equations can be treated more directly, as in [37] with Sobolev norms, or the
metric viscosity notions of [2, 26, 28].

The notion of viscosity solution we consider is based on sub and supersolutions
as usual; however, the space of test functions is made of functions that are only direc-
tionally differentiable along geodesics with respect to (w.r.t.) the measure variable;
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see subsection 4.1 for details. This allows us to consider a large class of test functions,
including the squared Wasserstein distance, and to avoid any smoothing argument.

Another of the main issues one needs to deal with when studying the HJB equa-
tion in P3(RY) is the regularity of the value function and the associated topology.
Recall that %5 (RY) may be endowed with different topologies, for example the narrow
topology or the one induced by so-called Wasserstein distance; see [4, Chapter 7]. The
main advantage of the narrow topology is that bounded sets w.r.t. the Wasserstein
distance (i.e., sets with uniformly bounded second moment) are narrowly relatively
compact. Therefore, for any n € N, each

(1.6) K, = {p€ Z5R?) |ma(u) <n}, where my(p):= /Rd |lz|?du,

is narrowly compact. However, it does not hold that any narrowly converging sequence
is bounded w.r.t. the Wasserstein distance.

The results reported in [6] include a strong comparison principle for problems with
terminal costs that are continuous w.r.t. the Wasserstein distance. To cope with the
lack of local compactness of the Wasserstein space, the authors in [6] need to consider
a restrictive notion of upper semicontinuity over the semisolutions. It is worthy to
point out that many of the technicalities in [6] could be avoided using that &7,(RY)
is narrowly locally compact. This in turn would enforce the continuity of the value
function, not w.r.t. the Wasserstein topology, but w.r.t. a weaker topology. The main
novelty of this work is precisely that, the use of an inductive topology on Z5(RY)
that circumvents the issue described above. This topology is an intermediate one on
P5(RY), weaker than the Wasserstein but stronger than the narrow topology, built
as the inductive limit of narrowly compact topological spaces.

DEFINITION 1.1 (Inductive Topology [27, Definition 2.16]). For each n € N,
let K,, be given by (1.6) and denote ©,, the topology on K,, induced by the narrow
topology. The topology © s the strongest topology on Po(RY) that lets the canonical
injections v, : K,, = P2(RY) be continuous from (K,,®,) to (#2(R?),0).

The interplay between this inductive topology and the notion of viscosity solution we
have taken in this paper, allows us to show mutatis mutandis, and using ideas from
[32], that the (discontinuous) value function given by (1.3) can be characterized as the
smallest @-lower semicontinuous function that is a supersolution of the HJB equation
(4.1), with terminal condition V(T,-) = J on Z5(RY).

1.1. Main contributions and standing assumptions. The main results of
the paper are in Section 5, and are proved for autonomous systems (f does not
depend on the time variable). However, the basic results concerning the value function
in Section 3 are proved for non-autonomous systems. We describe now our main
results for autonomous systems. First, assume that the f[-] is Lipschitz, that each set
flp, U] € C(RY;RY) is convex, and that the cost J satisfies the following.

Hypothesis 1.2. The function J : Z9(RY) — RU{+00} is lower bounded, ®-lower
semicontinuous and it is not identically +oo.

Then the value function V' given in (1.3) is the minimal supersolution of the HIB
equation (1.5) in the sense of Definition 4.1; see Theorem 5.4. Second, in the case
where J is additionally bounded and ®-continuous, we are able to prove that V is
actually the unique viscosity solution of (1.5). Additionally, we provide a strong
comparison principle by a rather direct generalization of the arguments of [18]. The
difficulty then lies in proving that the value function is itself @-lower semicontinuous.
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In order to present the standing assumptions on the dynamics, we need to intro-
duce some notation. The key point here is that the dynamics takes values in a proper
subspace of C(RY;R). This is due to the linear growth condition in Hypothesis 1.3.
To be more precise, we define X := {b € C(R4;RY) | [b] .. < oo} where

ucc

(L.7) = [[b(O)[| + Z on S {lb@) | llzll <n},  ¥be C(RLGRY).

nEN

| ‘UCC

It is well-known that C(RY; RY) endowed with the topology of convergence on compact
sets is a Fréchet space (see, e.g., [23, Fact 3.76]). The topology induced by |-|.. in
X is that of uniform convergence over compact sets. Since (X, || ..) is a closed
subspace of C(RY;RY), it is a a separable Banach space. It is Worth mentioning that
it is also possible to work directly with C(RY;RY) as a Fréchet space, provided that
it is endowed with an appropriate metric as done in [8]. Apart from some technical
issues, the analysis should be completely equivalent.

In the sequel, we make the following standing assumptions on the dynamics.

When not explicitly stated otherwise, measurable is meant as Lebesgue-measurable.

Hypothesis 1.3. The dynamic f : [0,T] x Z5(R%) x U — C(RY;RY) is such that
— there is my : [0,1] — [0, +00) integrable such that for a.c. ¢t € [0,T] and any
(2,11) € R x (R we have sup | f[t, o, ()| < my(4)(1+ || + ().
uelU

— (t,u) = f[t,p, u] is a Carathéodory function for any p € P5(R?) fixed.

— f[-,U] is a measurable/Lipschitz map® with convex images, which are also
closed in the topology of local uniform convergence in C(RY;R9).

— p> f[t,u, U] is @-upper semicontinuous for any ¢ € [0, 7] fixed, that is, for
any € > 0 and i € Z5(RY), there is O € © such that 1 € O and

Sup lnf ‘f[t l’l" ] f[t?ﬁ’ ]|ucc S 67 V/‘ € O'
uelU ael

— there is Ly : [0,T] — [0, +00) integrable such that for a.e. t € [0,T] and any
z,y € RY we have sup  sup |f[t, u,u)(x) — f[t, u,ul(y)| < Le(t)|x —y|.
HEP(RI) uelU
Note that Hypothesis 1.3 implies that f[-, U] satisfies [8, Hypotheses (P)]. Thus, the
wellposedness of (1.2) follows from [8, Thm. 3.2] combined with an ad hoc selection
theorem; see Proposition 3.4. It also follows that the set-valued map f[-, U] has images
in X because for a.e. t € [0,7] and any p € P5(R?)

(1.8) sup LIt 1 ull oo < mig(t) (2 +2my(p) + Y n) :
Hypothesis 1.3 implies that the images of f[-, U] are closed in (X, |-|,..), and are sets
of equiLipschitz and equibounded maps. The images of f[-,U] are thus compact in
(X, || yee)- Indeed, by Arzela-Ascoli, for any compact set K, {b|x | b € f[s,p,U]} is
compact in (C(K;RY);|[,..). Then a diagonal argument proves the claim.

The rest of the paper is organized as follows. Section 2 gathers the definition
of the Wasserstein space and the metric differential structure over it, as well as the

!The mapping t + f[t,"] is measurable and there is ks : [0,7] — [0, +00) integrable such that
for a.e. t € [0,T] and any u,v € P2(RY) we have sup |f(t, p,u) — f(t, v, u)] e < k() Wa(p,v).
uelU
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basic properties of the inductive topology. In Section 3, we study the trajectories of
(1.2) and the continuity properties of the value function in the topology ®. The HIB
equation (1.5) is revisited in Section 4, where we define viscosity solutions and prove
a strong comparison principle. Section 5 is devoted to the link between the value
function and the HJB equation, and contains our main results.

2. Preliminary material. If A and B are two Polish spaces, the symbol # is
used to denote the pushforward operator, which to any probability measure p € F2(A)
and measurable map g : A — B, associates another probability measure g#u € £(B)
given by (g#u) (Q) = u (g’l(Q)) for any measurable Q2 C B. We say that a sequence

(tn)n C P(A) converges narrowly to p € P(A) if / edp, — /gad,u for any
A A
continuous bounded function ¢ : A — R; we denote it by p, —, p.

2.1. The Wasserstein space. Let R?4 =2 RIxRY and 7y, m : R?4 — Rd
denote the canonical projections, i.e. m(a,b) = a and ma(a,b) = b. Given p,v €
P (RY), let T'(u,v) € P(R??) denote the set of transport plans n with first marginal
m1#n equal to p, and second marginal mo#n equal to v. Given p > 1, we say that
1 has finite p-moment if my,(p) := [Gq |#[Pdp is finite, and denote 2, (RY) the set of
such measures. This set is endowed with the so-called p— Wasserstein distance

W¥(p,v) = inf / |my — ma|Pdn Vu,v € Z,(RY).
nel(p,v) Jr2d

The set of optimal transport plans is denoted I'2(u, ). For brevity, the 2—Wasserstein
distance will be simply called the Wasserstein distance and we set T, (11, ) = I'2(p, v).
It is well-known that the curves [0,1] 3¢ +— n; := ((1 — t)m + tme)#n parametrized
by n € T'»(u,v) exactly describe the geodesics linking i to v; see [4, Section 7]. The
squared Wasserstein distance happens to be semiconcave along geodesics, i.e. for all
o€ P9(RY) and n € T, (u,v), it follows that

21) W3 (m,0) > (1= W5 (p,0) + W5 (v,0) = t(1 = )W5 (u,v), 'Vt €[0,1].

2.2. Tangent and cotangent bundles. Let T RY =2 R?d be the tangent bundle
of R4 For each p € #5(RY), we write 225(TR?),, = {{ € Po(RM) | m#E = p}.
This set can be understood as the largest set of velocities issued from pu, that can be
scaled with the operation A-£ := (w1, Ama)#&. Then the curve t — ((1—1t)m +tm2)#n
coincides with t +— exp,,(¢-§) = (71 + tma)#£. This curve generalizes the application
t — x + tv, by sending the mass that & puts over (z,v) to the point x + tv. Following
usual notations, we define the partial inverse of the exponential map exp u by

exp, ! (v) = {f € Z5(TRY),

exp© =i [ Imaltde=Whn)}.
RQ
To measure the distance between &, ¢ € Z5(TRY),, one introduces a set of 3-plans
FH(ﬁa C) = {a € '@(RSd) | (7T1,7T2)#a = f? (7'('177'('3)#0[ = C} )

and the application W, : (Z5(TRY) “)2 — RT given by

W2(¢,¢) = inf / — 152 da.
5 (6,0) aei™e Rgdlm m3|” da
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which is a distance in Z5(TRY), (see [27, Chap. 4]). Let (m1,0)#u € Z2(TRY), be
the probability over the tangent bundle concentrated on the null velocity. We denote

| : |M : 92(TRd)u — R+, |£‘u = WM (57 (Wlao)#ﬂ)-

In particular, if £ = g1#p and ( = go#u for some fields g1, g2 € Lﬁ(Rd; TRY), then
W (gi# 1, g2#1) = [lg1 — g2l 2 -

DEFINITION 2.1. For a function p : Z5(TRY), — R, set
Pl = sup {[p(§)] | € € P2(TR),., [€lu =1}
We define the metric cotangent bundle T as T == {J, {p} x Ty, where

I Il < o0, pOE) = Ap() VA >0,
T, = {p : Z5(TRY),, = R and p is Lipschitz w.r.t. W,. ’

We then recover |p(&)| < ||pl|.|€],, for any & € P5(TRY), and p € T,. Elements
of T,, may be built from directional derivatives of sufliciently smooth maps. Here, the
directional derivative of ¢ : Z9(R%) — R at p along £ € P5(TRY), is given by

xp,,(h-§)) —
Du‘ﬂ(ﬂ)(f):}llig}) p(exp,,( h&)) w(u).

As an important example, let p,0 € Z5(RY). Due to the semiconcavity (2.1), the
application [0,1] > h +— + (W3 (exp,,(h-&),0) — W3(u,0)) is bounded and monotone,
so that W3(-,0) is directionally differentiable along all £ such that s — exp,(s - €)
follows a geodesic. It turns out that the squared distance is directionally differentiable
along any ¢ in #5(TRY),. According to [4, Prop. 7.3.6] (c.f. [27, Prop. 4.10]) we
have ||D,W3(-,0)|,, = 2W,(u, o) and there holds

D W3(uo)(€) = inf o / —
R3d

n€expy, ' (o) @€TL(€,m)

Remark 2.2. Here, we consider the space 25(TRY),, as a surrogate tangent cone
on the Wasserstein space, instead of the tangent cone of [27, Chap. 4] relying on the
curvature of Z5(RY). While more geometric, the general tangent cone does not bring
nor withdraw anything to the argument, and we spare the reader its technicalities.

2.3. The topology © over #;(R%). As pointed out in the introduction, one
of the main novelties of this work is the use of an inductive topology on Z5(R%). We
now review some of its main properties which are taken from [27, Chapter 2].

LEMMA 2.3. Let © be given by Definition 1.1.
1. A set A C P5(RY) is closed in © if and only if each ANK,, is closed in ©,,.
2. A sequence (pn), C P5(RY) converges in © towards some u € Po(RY) if
and only if pn, —n p and supma(u,) < co. We then denote p, gn 1.

neN
3. Wasserstein closed balls are compact and sequentially compact in ©.

4. The squared Wasserstein distance is sequentially ®-lower semicontinuous.

Recall that in an arbitrary topological space, any closed set is also sequentially
closed. The converse is true for metrizable spaces, but not necessarily for any topo-
logical space. The spaces that satisfy this property are called sequential. Since the
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narrow topology is metrizable (see [4, Remark 5.1.1]), each topological space (K,,, ©,,)
is sequential. It is important to mention that this property is inherited by the induc-
tive topology © as shown in Lemma 2.4 below; it is actually a general fact, sequential
spaces are stable by inductive limits [24, Corollary 1.7].

LEMMA 2.4. (Qg(Rd), ('-)) s a sequential space.

Proof. Let A C 23(RY) be sequentially ©-closed. From Item 1 in Lemma 2.3, it
is enough to prove that for each n € N, the set A,, .= ANK,, is narrowly closed. Let
(m),,, C Ay be a sequence converging narrowly to u € K,,. By the continuity of ¢y,
the sequence (ty(ftm)),, C A converges to ¢, (), and as A is sequentially ©-closed,
tn (@) € A. The conclusion follows by noticing that ¢, (1) = p because p € K. d

Consequently, in the sequel, we make no distinction between lower (resp. upper)
semicontinuity and sequential lower (resp. upper) semicontinuity for the topology ©.
In particular, the squared Wasserstein distance turns out to be ®-lower semicontin-
uous thanks to Item 4 in Lemma 2.3.

3. Trajectories in the Wasserstein space. We now discuss the wellposed-
ness of the controlled continuity equation (1.2) and properties of the set of solutions.
Apart from Lemma 3.9, all the results in this section are written for non-autonomous
systems, where the dependency of f on the time variable is merely measurable. Con-
sidering an autonomous setting does not simplify the arguments, while it will demand
more details for proving Corollary 3.7. Here, and in the sequel, solutions of (1.2) are
understood in the distributional sense.

DEFINITION 3.1. For each (t,v) € [0,T) x Z5(RY) and each measurable control
u: [t,T] = U, we say that a function [t,T] > s+ p, € P2(RY) is a solution of (1.2)
if it is absolutely continuous (see e.g. [4, Definition 1.1.1]), u, = v and

T
B0 [ et (Vap Sl (D) duds = 0. Vi €€ ((1.T) < RY).

Remark 3.2. For any ¢ € C° ((t,T) x RY), the integral term in (3.1) is well-
defined. Indeed, let u : [t,T] — U be a measurable control, take » > 0 such that
¢(,z) =0 for all [z| > r and let [t,T] > s — p, € P2(R?) be absolutely continuous;
in particular s — W, (g, p,) is bounded. Notice that /ma(p,) < Wy(p,, ) +
vma(p,), then M := sup,cp rpma(p,) < +oo. From Hypothesis 1.3 we deduce
that the vector field (s,z) — f[s, pg, u(s)](z) is £ ® BY measurable. Thanks to the
Monotone Class Lemma [1, Thm. 4.13], the mapping

s | (Vep(s, ), f[s, s, u(s)](z))dp, is measurable.
Rd

The integrability comes from Hypothesis 1.3 and the fact that

[ (Fels.0). sl @is, < my(s)(1 47+ 0), for e s € 1]

As in the case of Euclidean spaces, properties of the solutions of the control system
(1.2) are obtained by appealing to a more general dynamical system, a differential
inclusion. In our case, our vehicle will be the theory developed in [8].

Remark 3.3. For each (t,v) € [0,T) x P5(RY), consider the continuity inclusion

(3.2) Osprg € —div (f[s, pg, U] p) set,T], p =v
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According to [8, Definition 2.25], a function [t,T] 3 s = p, € P2(R9Y) is a solution
of (3.2) if it is absolutely continuous, p, = v and if there is a measurable selection
b(s) € f[s, ps, U] such that that (u,)sc, 7 is a solution of (1.1) with f, = b(s). It is
not difficult to see that any solution of (1.2) in the sense of Definition 3.1 is a solution
of (3.2), because Hypothesis 1.3 implies that the vector field s — f[s, g, u(s)] is
measurable. On the other hand, from the Filippov Implicit Function Theorem [1,
Thm. 18.17], for any measurable selection b(s) € f[s, ug, U], there is a measurable
function u : [t,T] — U such that b(s) = f[s, ps, u(s)] for a.e. s € [t,T]. Thus, any
solution of (3.2) provides a solution for (1.2). Also, thanks to Hypothesis 1.3, from
8, Prop. 2.21 & Remark 2.2], we have that for each (t,v) € [0,T) x #5(R?) and each
measurable control u : [t,T] — U, [t,T] > s — p, € P2(RY) is a solution of (1.2),
and

ms () < e (m2<u> - Cms (1)1 + m2<ur>>dr) Vs € [1.T],

where ¢y == /2 exp (||m fH%l) So, from Gronwall’s inequality, we get

(3.3) mo(p,) < (14 coma(v))exp (02 /ts mf(r)dr> , Vs e [t,T).

3.1. Existence and properties of the trajectories. We now move to the
wellposedness of (1.2) and the representation of its solutions. Let us point out that
the representation formula for the continuity equation can be deduced directly from
[4, Prop. 8.1.8] in the case (s,x) — f[s, pg, u(s)](z) is a Borel vector field. This is not
necessarily the case in our setting, however the arguments for proving [4, Prop. 8.1.8]
can be adapted; the key point here is that the flows of (3.4) are globally defined. For
the sake of completeness, we provide the details of the proof.

PROPOSITION 3.4 (Wellposedness and representation). Assume Hypothesis 1.3.
For each (t,v) € [0,T) x P3(RY) and each measurable control u : [t,T] — U, there
is a unique solution of (1.2), which we denote by (ub"")ser,r)- Moreover, for any
s € [t,T], we have that pb"" = Y U#v where, for any given x € R4, the mapping

[t,T] > s+ YIu(x) € RY is the unique solution of

(3.4) Ly(s) = flmouls)wls)), o) =

Proof. Take a measurable control w : [t,T] — U and consider the set-valued
map G(s,u) = {f[s,p,u(s)]} defined for (s,pu) € [t,T] x P5(R?) with values in
C(RY4;RY). Observe that Hypothesis 1.3 implies that G satisfies [8, Hypotheses (P)].
Thus from [8, Thm.s 3.2] we get the existence of an absolutely continuous function
[t,T] > s = p, € P2(RY) such that p, = v and that satisfies (3.1); the latter is
due to the fact that s — fI[s, p,,u(s)] is the only possible measurable selection of
s+ G(s, ). Notice that, thanks to [38, Corollary 2.4.5], for any z € R? the Cauchy
problem (3.4) has a unique solution, denoted (Y}*(x))set, 1), because the vector field
(s,9) = gu(s,y) == f[s, us, u(s)](y) is measurable/Lipschitz in the sense that

||gu(8,y1) - gu(sayQ)” < Lf(s)Hyl - y2||7 for a.e. s € [th]v vylayZ S Rd .

Therefore, for any ¢ € C° ((¢,T) x RY) and « € RY, the maps s — (s, Y*(x))
are absolutely continuous in (¢,7T"). Consequently, proceeding as in [4, Lemma 8.1.6],
we can show that the mapping [t,T] 3 s — Y “#v is a solution of the continuity
equation (1.1) with f; = g,(s,-). The fact that p, = Y "#v for any s € [t,T]
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is then a consequence of [4, Prop. 8.1.7]. Finally, we turn into the uniqueness of
solutions. Suppose that pu! = Y,#v and u? = Z,#v are solutions of (3.1), where Y’
and Z are the flows of (3.4) associated with g1(s,y) = f[s, ul,u(s)](y) and ga(s,y) =
fls, u2, u(s)](y). From Hypothesis 1.3, for a.e. s € [t,T] and any = € RY we have

g1 (s, Ye(@)) = ga(s, Z(@))I| < Ly (s)|Ys(2) = Zs(@)l| + £y (5)Wa(pas, pi3).

Therefore, from Gronwall’s inequality [38, Lemma 2.4.4] and [4, (7.1.6)] we obtain

T s
Wb, 12) < Ve — Zull 120y < exp ( / Lf<r>dr> / AT
t t

Using Gronwall’s inequality again, we get Wy (ul, u?) < 0, and the conclusion follows.O

_ Remark 3.5. Since the dynamic f:00,T] x Po(RY) x U — C(RY;RY) given by
f(s, pyu) == —f(T—s, u,u) satisfies the hypotheses of Proposition 3.4, it is not difficult
to see that if (ul"")scp,r is the solution given by Proposition 3.4 associated with
(t,v) € [0,T) x P3(RY) and the measurable control u : [t,T] — U, then for any
t € [0,t) and any measurable control @ : [f,T] — U such that |7 = u a.e., there

is 7 € P9(R?) for which ui’ﬂ’ﬂ = v. Here (ui’ﬂ’ﬁ)se[ﬂﬂ is the solution given by
Proposition 3.4 associated with (,7) and the measurable control .

3.2. The value function and its properties. We turn our attention to the
properties of the value function. Before going further, we need to prove a convergence
theorem for trajectories of (1.2). The following result is akin to [8, Thm. 4.5].
The main difference is that here convergence of the trajectories is not considered
w.r.t. W,—distance, but rather w.r.t. a weaker one (W, with p € [1,2)), while the

P
dependence on the initial condition is taken w.r.t. the inductive topology ©.

LEMMA 3.6 (Convergence of trajectories).  Assume Hypothesis 1.3 and take
(t,v) € [0,T)x Po(RY). Let (V") pnen C Po(RY) be such that v™ gn v. Let (ug)selr.1)
be the solution of (1.2) provided by Proposition 3.4, starting from v™ and associated
with the measurable control u™ : [t,T] — U. Then, for any p € [1,2) there is a
measurable control u : [t,T] — U such that

liminf sup W, (u?, ub"") = 0.
Al o o (k™)

Here (") sepe,m) is the unique solution of (1.2) provided by Proposition 3.4.

Proof. The proof is rather technical, and we divide it into several steps.
Step 1: We construct a candidate to solution. Let us fix p € [1,2). Since v™ E\n v,
from Lemma 2.3 there is R > 0 such that my(v,) < R for all n € N. From (3.3) we de-
duce that there is Ry > 0 such that mo(u?) < Ry for all (s,n) € [t, T] xN. Therefore,
thanks to [4, §5.1.1. and Lemma 5.1.7], for any s € [t,T], each section (u), cy has
uniformly integrable p—moments and it is tight; in particular (u2)sef 1) C Z2p(RY).
From Prokhorov’s Theorem, combined with [4, Prop.s 7.1.4 and 7.1.5], we get that
the sections (uf),,cy are relatively compact in (2,(R%), W,). We will therefore ob-
tain the candidate as a limit point by using Arzela-Ascoli Theorem in (&2, (R?), W,).
Notice that from [4, (7.1.6)] we have

W2(H79L7/l’77}) S ”Y:,u" - Y:}UHHL%V")’ VT,S € [taT]a
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where Y®"" is given by Proposition 3.4. Assume for simplicity that » < s. By
Gronwall’s inequality [38, Lemma 2.4.4] we get

s S
VI ) =¥ ) < 1k B lelyess ([ mgas) [T mga, v e e,
” T

It follows that (u™)nen is equi-continuous w.r.t. the W,—distance. Holder’s inequal-
ity implies that W, < W,. Consequently, (u3)se(t,r) C 2,(RY) is equi-continuous
w.r.t. the W, —distance. By Arzela-Ascoli Theorem, there is an absolutely continuous
map [t,T] 3 s+ py € Z,(RY) and a (non relabeled) subsequence (™) en so that

(3.5) lim  sup W,(ug,pug) =0 and  sup ma(pg) < Rr.
N+ se[t,T] selt,T)

It remains to prove that g = p’*" for some measurable control u : [t,T] — U.
Step 2: We study now the convergence of the vector fields (s,y) — b"(s,y) :=
fls, u2,u(s)](y). It follows from (1.8) that " € L([t, T]; X); here L4([t, T]; X) stands
for the usual Lebesgue-Bochner space for g € [1,+00] (see e.g., [22]). Moreover, since
fls, s, U] is compact in (X, |-],..); by [21, Corollary 2.6] (see also [8, Thm. 2.1]),
there is a (non relabeled) subsequence that converges weakly to some b € L!([t, T]; X).

Let us show that bs € A := f[s, pg, U] for a.e. s € [¢t,T]. First, let us prove that

(3.6) /t p,(bs)ds </t o(s,ps)ds, Vp € L*=([t, T); X*),

where o(s,p) = sup{p(B) | B € A,} for any (s,p) € [t,T] x X*. Notice that o is a
Carathéodory function. Indeed, for s € [t, T] fixed, o(s,-) is a finite convex function,
which is also bounded above on any neighborhood of p = 0 thanks to (1.8), thus
it is continuous. Also, since s — A, is measurable and has closed images, for any
p € X* fixed o(+, p) is measurable (see e.g., [5, Thm. 8.2.14]). Observe that the same
arguments allow to deduce that for any n € N, the mapping ¢"(s,p) := sup{p(5) |
B € fls,u?,U]} is Carathéodory as well. In particular, the mappings s — o (s, p,)
and s — o"(s,p,) are measurable for any p € L ([t, T]; X*) fixed (see [5, Lemma
8.2.3]), and the integrals in (3.6) and (3.7) below have meaning. As a matter of fact,
both integrals are finite thanks to (1.8).

By weak convergence, for any p € L>([t, T]; X*) C [L'([t, T]; X)]*, we have that

T T T
(3.7) / p,(bs)ds = lim sup/ p,(bY)ds < lim sup/ o"(s,p,)ds.
t t t

n—-+4oo n—-+4oo

On the other hand, from (3.5), we also have that p? 2, p, for each s € [t, T fixed,
so that by upper semi-continuity of u — f[s, u, U], we get

limsup o™ (s, ps) < o(s,p,).
n— oo
Using (1.8) and Fatou’s Lemma we get (3.6). To complete this part of the proof,
we use a result inspired by the theory of convex integral functionals developed by
Rockafellar, in particular by [36, Thm. 2]. Let x 4, be the characteristic function of
Xa, > i€ Xa, (0)=0if b€ x4, , and x4, (v) = +00 otherwise. We claim that

T T
(3.8) sup / [po(be) — (s, )] ds = / X, (bo)ds.
peEL>([t,T);X*) Jt t
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Since Ay is a nonempty convex closed subset of X, by the standard theory of convex
analysis (see [39] for example), we have that sup,cx- p(8) —o(s,p) = x 4_(B) for any
B € X. Thus, the inequality “ <7 is straightforward. To prove the other inequality, for
any k € N, we define x*(s) = sup,cx- {p(bs) — o(s,p) | [[pllx~ < k} for a.e. s € [t,T].
Clearly x*(s) /* x4_(bs) for a.e. s € [t, T]. Notice that, since X is separable, the set
{p € X* | |Ip|llx+ < k} is compact and metrizable in the weak* topology on X* ([9,
Thm. 3.28]), therefore it is separable. From the Marginal Map Theorem [5, Thm.
8.2.11], each x* is a measurable function and the marginal mapping R*(s) = {p €
X* | |Ipllx= < k, x¥(s) = p(bs) — o(s,p)} is measurable, and since for s € [t,T]
fixed, o(s,-) is weak* lower semicontinuous in X*, R¥(s) is nonempty and closed in
the weak™ topology on X*. In particular, from the Measurable Selection Theorem [5,
Thm. 8.1.3], for any k£ € N, there is p¥ € L>([t,T]; X*) such that ||p¥||x- < k and
x*(s) = p¥(bs) — o (s, p*) for a.e. s € [t,T]. It follows then that

T T T
sup / [p.(bs) — o(s,p,)] ds > / [P (bs) — o(s,pt)] ds = / X" (s)ds.
peEL>([t,T];X*) Jt t t

Since, x*(s) * x4, (bs) for a.e. s € [t,T], we have that s — x4 (bs) is measurable
function, and therefore, we get (3.8) from the Monotone Convergence Theorem.
Combining then (3.6) and (3.8), we deduce that by € f[s, p,, U] for a.e. s € [t,T].
Step 3: We prove finally that p is a solution to the continuity equation. Take
¢ € C((t,T) x R4 R) arbitrary, but fixed, and let n, € N be large enough so that
¢(+, ) = 0 whenever |z| > n,. Since (u?)scp, 1) solves (1.2), for any n € N we have

T
/t /]Rd [63()0 + <Vx90a bs>] dp,ds = I;L + I;L + I?,

where

T T
I .= / [/ Ospdp, —/ Bsgadug} ds, Iy := / / (Vip,bs — bY) dpgds
t L/ra R4 t Jra

and .
= [/ (Vo) i~ | <vx¢,bf;>duz] ds.
t Rd Rd

Since p? 2, w, for each s € [t, T fixed, /Rd Ospdpy — /]Rd Ospdp, if n — +o0o0. Thus

from the Dominated Convergence Theorem, we get that I7 — 0 when n — +oco. Also,
given that b" converges weakly to b in L!([t, T]; X) we get that I — 0 if n — +oo0.
To see this it suffices to note that the real-valued linear operator

B /tT/Rd (Vaep, Bs) dpyds

defined on L*([t, T]; X) is bounded. Indeed, for any 3 € L'([t,T]; X) we have

Lo Vaepdau < [ 1l 1Beldas, < 2 e Bl

{llzll<mne}

Integrating over s € [t,T], we get that the operator is bounded, thus an element of
[L([t, T); X)]*. Therefore, I — 0 when n — +oo.
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The final step is to prove that Iy — 0 if n — 4o00. This will be a consequence of
the fact that p" converges uniformly to p for the W, —distance. For any n € N, let

[t,T] 3 s+ nt € P2(R??) be such that n” € T2(p,, u?) for a.e. s € [t,T]. Then

T
1= [ [ (25,2 B20)) = (Vo). B ) ) s,

From Hypothesis 1.3 and (3.3), for any n € N, we have ||b} (z)|| < ms(s)(1+n,+Rr)
for a.e. s € [t,T] and whenever ||z| < n,. Let A, = {(z,y) € R? | [|z|, [ly]| < n,}
and let L, > 0 be a Lipschitz constant for V.. From Hypothesis 1.3, we have

T
I?fé/ [mf(s)Lw(l"‘nw+RT)+Lf(3)||Vx<PHoo]/ 2 —ylldng (z,y)ds.
t

®

From Hoélder’s inequality, we get

T
I3 < sup, w, (usvuf!)/ [my(s)Lp(1+np + Rr) 4+ Li(s)|Vapllo]ds.
se|t, t

This completes the proof. 0

Observe that for any given measurable control u : [0, 7] — U, the dynamics f, :
[0,T] x Z2(RY) x U — C(RY; RY), defined via the formula f, (s, u) := f(s, i1, u(s)) for
a.e. s € [0,T] and p € P5(RY), satisfies the assumption of Lemma 3.6. Therefore, by
the uniqueness of solutions to (1.2), the following statements can be readily deduced.

COROLLARY 3.7. Assume Hypothesis 1.3 and take (t,v) € [0,T) x P2(RY) and
a measurable control w : [t,T] — U. Let (u5"") e 1) be the unique solution of (1.2)
provided by Proposition 3.4. Then, for any sequence (V")nen C P2(RY) such that

t,vn,u t,v,u

" gn v and any p € [1,2), we have W, (H’T N ) — 0 as n — +oo.

Proof. 1t is enough to observe that, from Lemma 3.6, the only accumulation point
t,vn,u t,vuy .
of W, (uT s ) is zero. 0

We are now in a position to present a regularity result for the value function.

LEMMA 3.8 (Regularity of the value function). Assume Hypotheses 1.2 and 1.3.
Let V 1 [0,T] x P9(RY) — RU {#o0} be the value function given by (1.3) Then each
V(t,-) is not identically +0o and V is lower bounded and ©-lower semicontinuous.
Moreover, if J is bounded and ©-continuous, then so is V.

Proof. Lower boundedness of V' follows from that of J and by its definition. Let
v € P9(RY) such that J(v) < +oo. From Remark 3.5, for any control u : [0,T] — U,
there is 7 € P5(RY) for which p”" = v. Therefore, V (t, u)”") < J(v) < +oo.
Step I: From Lemma 2.4, to prove that V is ®-lower semicontinuous, we only have
to show that it is sequentially lower semicontinuous for the inductive topology ®. Let
(tns Vn)n C [0,T] x P(RY) be such that t, — t € [0,7] and v, 2, v € Po(RY).
For each n € N, there is a measurable control u,, : [t,,T] — U such that V (t,,v,) >
)~ 1/,

We claim that there is 7, € P3(RY) such that 7, —, v € Z5(R?) and a
measurable control @, : [t,T7] — U such that y,tT’f'”’ﬂ” = phtmtn Indeed, if

tn,Vn,Un

tn < t, set Uy, = uplpr) ae. and 7, = py . Similarly as done in the proof
of Lemma 3.6 (Step 1), we can find ¢ > 0 such that W, (v, 7,,) < cftt my(r)dr.

(S}
N



MINIMALITY OF THE VALUE FUNCTION 13

Therefore W), (v, v) — 0 as n — +oo, for any p € [1,2), and so , gn v as well. On
the other hand, if ¢,, > ¢, it is enough take any iy, : [t,T] — U such that i, = u.|;,7
a.e. and take 7, € P5(RY) given by Remark 3.5. Similarly as mentioned above, we

can find ¢ > 0 such that W, (v, 7p,) < cf:" my(r)dr, and so D, gn v asn — +oo.
Therefore, from Lemma 3.6, possibly along a subsequence, there is a measurable
control u : [t,T] — U such that Wy (g, pm™) — 0 as n — +oo. Thus, in

particular, pim?m Q. ph”*. Then, by lower semicontinuity of J in ©, we get

1
. . . . ~ tn,Vn,Un ~ t,v,u
hnrglolgf V(tn,vn) 2 hnlglo%f J(pr ) — I > J(pup"") 2 V(tv).
Step II: Assume now that J is bounded and @-continuous. Then V shares the
same bound by definition. To prove that V' is ®-upper semicontinuous, fix (¢,v) €
[0, T] x 22(RY) and take a sequence (t,,, v, )n C [0,T] x #5(R?) such that ¢, — ¢ and

Vn gn v. Up to extraction of a subsequence, we may assume that limsup V(t,,v,) =
n—oo

lim V(t,,vy,). For each € > 0, there is a measurable control u. : [t,T] — U such
n—oo

that V(t,v) > J(up"") —e. Notice that if t,, < ¢, then from (1.4), we have that
V(tn,vn) < V(t, uim """ ") for any measurable control d, : [t,,T] — U. As described

bnyn,t @

above in Step I, it follows that 7, := p; n V as n — +o0o. Therefore, if we
take 1, such that @y ;7] = ue, from Corollary 3.7 we have that uélﬂ"’% gn e

Then, since J is ©-continuous,

lim V(tn,v,) < limsup V (¢, 7,) < limsup J(py™ ") = J(puh") < V(t,v) +e.
n— o0

n—00 t—o0

On the other hand, if t < ¢,,, using Remark 3.5 and the arguments described above
t,Un,Ue

in Step I, there is 7, € P5(RY) such that 7, gn v as n — 400 with p; =

tn,Vn,te t,Un,ue tn,Un,Ue |

vpn. Notice that p = p7™", and moreover, p =, ph"" thanks to
Corollary 3.7. Thus, by continuity of J we have

3 4 tnsUn,Ue\ _ 1: ~ tn,Un, e _ t,V,ue

lim V(tn,v,) < lim J(pg ") = lim J(pg ™) = J(pp™™) < V(tv) +e.

n—oo

Letting € N\, 0 in both cases, we conclude that V is ®-continuous. ]

3.3. Approximation along a subsequence. Recall that, as mentioned in the
introduction, the HJB equation is the infinitesimal version of the DPP stated in (1.4),
and as such, it requires to work with the time linearization of the mapping s — p%""*
at s = t. From the representation formula given in Proposition 3.4, we have that
pbrt = YhU#y where, for any given z € RY, the mapping s — Y2"(x) € RY is
the unique solution of (3.4). This mapping is merely absolutely continuous, since
the associated vector field s — f[s, pg, u(s)](x) is just measurable. However, in the
autonomous case, we can still approximate a trajectory issued from v by a ”linear”
curve along some given sequence of times.

As a similar result has been proved in [6], we just provide a sketch of the proof.

LEMMA 3.9. Let (t,v) € [0,T) x Z3(RY) and u : [t,T] — U be a measurable
control. Assume that f satisfies Hypothesis 1.3, and is autonomous. Let (u?l”“)se[t’q«]

be the unique solution of (1.2) provided by Proposition 3.4. There exist b € f[v, U]
and a vanishing sequence (hp)nen C (0,T — t] such that

o Ve (1 expy (hn - (I, D)#v))
n— 00 hn,
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_ 1 t+h
Proof. For h > 0 such that ¢t + h < T, consider bh(x) = E/ s, u(s)](x)ds
t

—h
for any x € RY. By convexity, b € f[v,U] and by compactness of f[v,U] in the
topology of uniform convergence over compact sets, there exists a sequence (h,,),, \ 0

N 7hn . 7
and some b € f[v, U] such that b " converges uniformly over compact sets towards b.
From [4, (7.1.6)] and the representation formula given in Proposition 3.4, we have

Wo ™", Zn#v) < Y3 = Znllroey, Vs € [1,T],

where Z,, = Id + h,b. The conclusion then follows from appropriate estimates of the
right-hand side; see [6, Lemma 4.6] for details. ad

4. The Hamilton-Jacobi equation. Let H : T — R, and consider the HJ
equation

(4.1) — Ow(t,pw) + H (u, Dyv(t,p)) =0 te(0,7T), o(T,") =3.

This section is devoted to the notion of solution adapted to (4.1). We first introduce
a definition of viscosity solutions using test functions, and then prove a comparison
principle that implies the uniqueness of the viscosity solution of (4.1).

4.1. Definition of viscosity solutions. We employ two distinct sets of test
functions for the sub and supersolutions. Denote

N ct O,T ,R 5 N N7 d
Ty = {(t,u) = () £ W3 () (of, i)e({(l ])V} c) R* i %?1111%%-

=1

In particular, test functions in 7, are ®-lower semicontinuous, locally Lipschitz and
directionally differentiable everywhere, and J_ = —7,. As each term of the finite
sum of the measure component is directionally differentiable, so is each ¢(¢,-) for
N
¢ € T4, and there holds D,p(t, pn)(§) = £ >, ;D Wi (p, v;)(§).
We consider the following definition.

DEFINITION 4.1 (Viscosity solution). v :[0,T] x &9(RY) — RU {doc} is called
— a viscosity subsolution of (4.1) if it is ®-upper semicontinuous, does not take
the value +00, and for each ¢ € I such that v— ¢ reaches a finite mazimum

in (t,pu) € (0,T) x Po(RY), there holds

(42) - 81590@7 /J') +H (:uv Du(p(t, M)) < 0.

— a viscosity supersolution of (4.1) if it is @-lower semicontinuous, does not
take the value —oo, and for each ¢ € J_ such that v — @ reaches a finite
minimum in (¢, p) € (0,T) x Po(RY), there holds

(4.3) = Op(t, 1) + H (1, Dpp(t, 1)) = 0.

— a viscosity solution of (4.1) if it is both a sub and supersolution, and if
o(T, ) = J()-
This notion of viscosity solution takes ideas from [29, 6] on the use of locally Lipschitz
and semiconcave test functions in place of smooth test functions. As C? functions
are locally semiconcave and semiconvex, this corresponds to choosing the correct
condition in order to match the properties of the squared distance. Symmetrically, in
non-negatively curved spaces, one may choose semiconvex test functions.
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4.2. Comparison principle. The comparison principle is the key result in the
viscosity theory. It essentially says that subsolutions are always smaller than superso-
lutions in the pointwise sense. This gives the uniqueness of the viscosity solution, and
in the classical theory, also allows to obtain existence for general nonconvex Hamil-
tonians. Owing to the local compactness of (332(]1%(1), (-')), our strategy to obtain a
comparison principle is quite close to that of [18]. In particular, we base our proof
in the so-called doubling variables method. This technique in turn relies on a suitable
penalization lemma. We state an adaptation of [18, Prop. 3.7] to our case; its proof
is essentially the same as in [18], so we omit it.

LEMMA 4.2 ([18, Prop. 3.7]). Let (Z,7) be a topological space, O C Z be a
nonempty set, ® : O — R U {—oco} be T-upper semicontinuous and proper in O,
U : O — R be t-lower semicontinuous and nonnegative. For any a > 0, define
T, = sup [®(z) —a¥(x)]. Assume that —oo < lim I', < oo, and let z, € O be

zcO a—o0

chosen such that lim (T'y — (®(z4) — a¥(x,))) = 0. Then the following holds:
a— o0
1. lim a¥(z,) =0,
a—r 00
2. whenever & € O is a limit point of (x4)q in (Z,7), then ¥(z) = 0 and
lim T’y = ®(2) = sup @(x).
a—r 00 ‘I/(.’I:):O

The comparison principle will rely on the next assumptions on the Hamiltonian.

Hypothesis 4.3. There is Cy > 0 such that for all u,v € #5(RY) and p,q € T,,,

(4.4) | (1.p+4) = H (1,9)] < Cir (14 v/ma(0)) Ipl
and for all @ > 0,
(45) H (/.L, _aDMWQQ(:u7 V)) —-H (Vv aDVW;(M’ V)) < a'CHW22(/’[’a V)'

The fact that the Hamiltonian issued from the control problem (1.3) and given in
section 5, equation (5.1), satisfies Hypothesis 4.3 is proved in [6, Section 6, Lemmata
6 and 7]. The argument relies on the explicit formula of the differential of the squared
distance, and on the construction of a suitable plan by disintegration. The Hamilton-
ian in the quoted reference features an additional projection on the geometric tangent
cone; however the directional derivative of the squared Wasserstein distance along the
projection is the same as along the original vector, as is proved in [27, Corollary 4.34].
We are now in a position to state our comparison principle.

PROPOSITION 4.4 (Comparison principle). Assume Hypotheses 1.2, 1.3, and 4.3.
Let v : [0,T] x Z3(RY) = RU{—o0} be a subsolution of (4.1) bounded from above,
and w : [0,T] x P9(RY) — RU{+oc0} be a supersolution of (4.1) bounded from below.
Assume that there ezists 0 € P5(RY) such that v(T,0) —w(T,0) € R. Then

I'= sup (vt p) —wt p) < sup  (v(T,p) —w(T,p) = Ir.
(t,1)€[0,T] x P2 (RY) HE Do (RY)

Proof. The proof is based on the doubling variables method [18]. The underlying
idea is the following. Assume by contradiction that I'r > I'. From this condition,
deduce the existence of (t,u) € (0,T) x P9(RY) and of some test functions ¢ and 1
such that: (i) v — ¢ attains its maximum at (¢, ), (i) w — ¢ attains its minimum at
(t,p), and (iil) —0yp + H(u, Dyp) > —0p + H(p, D). As long as ¢ > 0, the defini-
tion of viscosity sub and super solution yields, respectively, to —0.p+ H (11, D, ) < 0
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and —0y) + H(p, Dy1p) > 0. This leads to a contradiction, and completes the proof.
However, such a (¢, 4) may not exist, and one has to proceed by approximation.

By assumption, I'y and T are finite. Since v is a subsolution and w is a su-
persolution, I'r < 0. Up to replacing v by v — I'p, we may assume that I'r = 0.
Assume by contradiction that T' > 0. Define v*(t, 1) = v(t,n) + a(t — T) for any
a > 0. Note that v® is also a subsolution and, since I' > 0, there is @ > 0 so that
e = sup{v®(t, pu) — w(t,p) | (t,p) € [0,7] x P3(RY)} > 0. Let now o € Z5(R?) be
as in the statement, and take a vanishing sequence (g;); C (0,1) such that

1
ry = sup <’U"‘(t,,u) —w(t, ) — 2 (WQQ(U, w) + )) > 0, Vi € N.
(t.W)€[0,T]x Pa(RY) ¢

The existence of the sequence is ensured by the fact that I'* > 0. The sequence (I'Y"),
is bounded above by I'*, nondecreasing and converges to I'*. For each i,n € N, let

2
A R

(I)i,n(tasa,uay) = Ua(tmu') - ’U)(S,V) -n

2
9 9 1 1
—& W2(07M)+W2(U7V)+;+ 5/
We divide the rest of the proof into several parts.
Point of maximum Notice that if ®; ,,(¢, s, u,v) = @;,(T,T,0,0), then
2e;
g; (W3 (o, p) + W3 (o,v)) < sup(v®) — inf(w) + % — (W*(T,0) —w(T, o)) < oo.

Then there is N; € N such that {®;, > ®; ,(T,T,0,0)} C [0,7]*> x Ky, x Ky;,.
From Lemmas 2.3 and 2.4 , the set [0,7] x [0,7] x Ky, x Ky, is (sequentially)
compact in the product topology 7 := 79 7] ® 79,71 ® © ® ©, where 7o 77 is the usual
metric topology on [0,7]. Moreover, since ®;, is not identically +oo, it is upper
bounded and upper semicontinuous in this topology, there exists a maximum point
Zim = (tins Sins Wins Vipn) of @, over its domain. As N; is independent of n € N,
there is a subsequence (which we do not relabel) of (z; ), that converges to some
2 = (ti, 8¢, i vi) € [0, T] x [0, T] x P2(RY) x P9(RY). Consequently, we may assume
that z;, — #; in the topology 7 and that (®; »(2in))n converges.
Applying Lemma 4.2, we get that possibly along a subsequence,

; 2(,, . e 12) = : (2 ) =T
(46) nEI—&I-loo n (WQ (/J’l,na Vz,n) + |tz,n Sz,n| ) 0 and ngg—loo (I)L,n(zz,n) F, .
In particular, it follows that t; = s; and moreover, y; = v; because W3 is ®-lower
semicontinuous (see Lemma 2.3).

Staying away from the boundary By construction, t;, > 0 and s;, > 0 for
each ¢,n € N. On the other hand, for each i € N, there exists n; € N large enough
so that t;,,s:, < T for all n > n;. Indeed, if it was not the case, for some i € N
there would exist an increasing sequence of natural numbers (n;); such that either
tin; =T or s;n; = T. From (4.6), we get that ¢; ,;, — T and s; ,; — T when j — oo,
and using the uppercontinuity of v® and the lower semicontinuity of w, we get

I = lHm @, (2in,) < Hmsup v (tin,, tin;) —wW(Sin,, Vin;) < (T, pi) —w(T, vy).

Jj—oo j—o0
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This is absurd because I'¢ > 0 and v*(T, ;) — w(T,v;) < I'r = 0, and we get that
(tin,sin) € (0,T)? for n € N large enough. Passing into a subsequence if necessary,
we may assume this is true for any i,n € N.

Applying the definition of semisolutions For each i,n € N, define
n 2 2 2 1
eltn) = 5 (W3 (nvin) + [t = sinl”) 20 (W3 o) + 5 ) — at,

W(s,v) = fg (W22 (i V) + [t — s|2) — ey (Wg(a, V) + i) .

By construction, ¢ € Z; and ¢ € J_. As v — ¢ reaches a maximum in (¢; ,, fin) €
(0,T) x P5(RY), applying the definition of subsolution, we get

E; n
o+ 15271 - n(ti,n - Si,n) +H (,Ui,na EDHWS(MJM Vi,n) + 51'DMW22(‘77 Hz‘,n)) <0.

7,Mn

Using that ;*

1D W3 (1, v)

0, the assumption (4.4) on the Hamiltonian and the estimate

2=
i < 2Ws(p,v), we get

o — n(ti,n - Si,n) +H (/’Li,'m %Duwg(ﬂ'zﬁu Vi,n))

—2e;Ws(0, pin)Cr (1 + y/ma(piy)) < 0.

Similarly, w — reaches a minimum in ($; , ¥4 ). Using the same reasoning as above,

(4.7)

n(sin — tin) + H (Vims =5 D W3 (i, Vin)

+2€1‘W2(0, Vi,n)CH(l -+ \/IIIQ(I/Z"")) 2 0.

Combining (4.7) and (4.8) and using the assumption (4.5), there holds for any i,n € N

(4.9) a < nCHWS(ui,n, Vi,n) +2¢,Cy Z W, (o, w)(l + vV mg(w))

we{ i nVin}

(4.8)

Vanishing perturbation Recall that z;,, — z; asn — 400, where the convergence
is understood in © for the measure coordinates. Passing to the limit in (4.9) will
not give useful information, since the squared Wasserstein distance is only ©-lower
semicontinuous, and we will not obtain an inequality on z;. Therefore, we extract
a diagonal sequence. Proceeding by induction and using (4.6), we may build an
increasing sequence of natural numbers (n;); for which

1 1
nlW22 (/”'i,niayi,ni) < ga sup ((Difﬂi) = F;l - ;7 sup ((I)i+17ni+1) P sup ((DZJM) .

The sequence (sup (®;,,,)); is nondecreasing and upper bounded by I'“, thus con-
verges. On the other hand,
€i
0< 5 (W3 (0, tin:) + W3 (0, Viin,) +0) < Pigtny, (20) = i, (20)

< sup ((I)i+1,n7:+1) — sup ((I)i+17m:+1) — 0.

1—> 00

Evaluating (4.9) along the subsequence (n;); and passing to the limit, we obtain « < 0,
which is absurd. Consequently, I" < 0. O
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5. Characterisation of the solution in the case of control problems. Let
us assume from now on that f is autonomous. From the available theory on Euclidean
spaces, we may expect the value function given by (1.3) to be a viscosity supersolution
of the HIJB equation (4.1) for the Hamiltonian

(5.1) H:T—R,  H(pp) = Sup —p ((Id, flp, u)#n),

and a solution whenever J is real-valued and ®-continuous. From this point onward,
unless otherwise stated, we assume that the Hamiltonian in (4.1) is given by (5.1).
Let us present an example. Let J : #5(R%) — RU {+00} be given by

30 = ma() 1= [ ol di(o).

The function J is finite over #2,4(R?), the space of Borel probability measures on R4
with finite 4-moment. Notice that Z24(R?) is strictly contained in Z25(R), and closed
with respect to @, since p — my () is narrowly lower semicontinuous; see [4, Lemma
7.1.4]. Let the dynamic f : 25(R%) x [0,1] — C(RY;R?) be given by

flp, ul(z) = —uz, vz e RY, w e [0,1].

Then f[u, U] is convex, compact in the topology of uniform convergence on compact
sets, and | f[u, u](0) + Lip (f[p, u])| < 1. For each u : [0,7] — [0, 1] measurable, the
flow of the underlying ODE is given by Y**(z) = exp (— [; u(r)dr) z. Consequently,

a0 = [ e (<4 [y}ttt aute) =exp (<4 [ utryar) 30,

and minimizing over w : [0, 7] — [0, 1] measurable, the value function is given by
(5.2) V(t ) = e T3 () € RU {+00}.

Let us compute the Hamiltonian on V. Let (¢, ) € dom V. From the expression of V'
in (5.2), the derivative with respect to time is seen to be equal to 9;V (¢, ) = 4V (¢, ).
On the other hand, the directional derivative along curves of measures of the form
h— exp,,(h - (Id, fp, u])#u) can be explicitly computed by

ey (h - (1 Sl #0) = [ o+ hi=wa)|* dye = (1 = e+ o(0) 3,

which yields D,V (t, u)((Id, f[p, u])#p) = —4uV (¢, ). Gathering the above compu-
tations, there holds

=0V (t, 1) + Sl[lp } =D,V (t, p)((Id, flu, u])#p) = —4V (L, p) + Sl[lp ] 4uV (t, p) = 0.
u€|0,1 u€|(0,1

This directly implies that V' is a viscosity supersolution of (4.1) in the sense
of Definition 4.1. Indeed, if ¢ € J_ is such that V — ¢ reaches a minimum in

(t,n) € (0,T) x P2(RY), then dyp(t, 1) = 9,V (¢, p) and Dyp(t, p)(€) < DV (L, 1) (§)
along each £ € Z5(TRY), such that D,V (¢, 1)(€) exists. Hence the inequality

The aim of this section is to show that this remains valid in our setting. We begin
by the case where J may be unbounded, and then restrict to a more regular case.
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5.1. General case. We now prove that V : [0,T] x Z5(RY) — R U {400}, the
value function given by (1.3), is a supersolution of (4.1) for the Hamiltonian (5.1).

THEOREM 5.1. Assume Hypotheses 1.2 and 1.3, and that f is autonomous. Then
the value function is a supersolution of (4.1) in the sense of Definition 4.1.

Proof. By Lemma 3.8, V is lower bounded and ®-lower semicontinuous. Let
¢ € Z_ such that V — ¢ reaches a minimum in (¢,v) € (0,7) x P5(RY). Let
((ui’”’“n)se[tﬂ)n be a minimizing sequence for the optimization (1.3). By Lemma 3.6,
there is a measurable control u : [t,T] — U such that utT’”’“n 2 publ* (possibly along
a subsequence which we do not relabel). Since J is ©®-lower semicontinuous we have

V(t,v)=V (t+hpty)  Yhel0,T—t.

Recall that o(t, u) = ¥(t) + g(u), where ¢ € C*((0,7);R) and g is locally Lipschitz,
directionally differentiable and ®-lower semicontinuous. Thus, it follows that

Gt +h) =) +g () —9) SV (E+hpuplt) = V(tv) =0, Vhe[0,T -1,

Using Lemma 3.9, there exists a sequence (hy,), C (0,7 — t] with hy, N\, 0, and some
b € flv,U] such that W, (uif;:,expy(hn - (Id,b)#v)) = o(hy,). Dividing the above
by hy, > 0, and denoting Lip (g) a local Lipschitz constant of g in a ball centered in v
and containing all ui’:;;: and exp, (h, - (Id, b)#v), we have

Yt +hn) = 9(t) | glexp, (hn - (d,0)##0)) — g(v)
hn hn

< Lip (9) O(hy),

W, (exp, (b (1d,)#0). 105" )

where O(hy,) =

- . Taking the limit in n — oo and using the
respective differentiability of ¥ and g,

Oyp(t) + Dug(v) ((Id, b)#v) < 0.

Multiplying by —1 and taking the maximum over all b € f[v,U], we obtain that
—0pp(t,v) + H (v, Dyp(t,v)) = 0, which is the desired property. |

5.2. Case of continuous and bounded terminal cost. We show that in the
case where J is bounded and ®-continuous, the value function is also a subsolution
of (4.1). As it satisfies the terminal condition by definition, the comparison principle
then guarantees that it will then be the unique viscosity solution.

THEOREM 5.2. Assume Hypotheses 1.2 and 1.3. Suppose that [ is autonomous
and that J is bounded and ®-continuous. Then V is a subsolution of (4.1).

Proof. By Lemma 3.8, the value function is bounded and @-upper semicontinu-
ous. Let ¢ € 7, with ¢(s,v) = ¥(s) + g(v), and (¢, ) € (0,T) x P5(R?) such that
V — ¢ reaches a maximum in (¢, u). Let b € f[u, U] be arbitrary but fixed. Then the
flow s — Y/ of the autonomous ODE d—dsys = b(ys) is of class C!, and there holds

lim W2 (YVttJrh#/-% expu(h : (Idv b)#,u))

RN\O h =0

Denote p, = Y!#p. Using the dynamic programming principle,

0<V(s,py) = V(t,p) <ol pg) — @t 1) = (s) — () + g(pg) — g(p)-
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As g is locally Lipschitz, dividing by s — ¢ and sending s — ¢, we get

Oyp(t) + Dyug(p)((Id, b)#p) = 0.
Multiplying by —1 and taking the sup on b € f[u, U] yields that V' is a subsolution.O

In the general case, V may take the value +0o0 and has no chance to be a viscosity
subsolution of the HJB equation (4.1). However, we may still prove that it is the
smallest supersolution in the pointwise sense. The argument proceeds by truncation
and regularization, relying on the following result.

LEMMA 5.3. Let J : Z2(RY) — RU {400} be lower bounded and ©-lower semi-
continuous. Then for each N € N, there is a nondecreasing sequence of bounded
©-continuous maps J,, : Po(RY) — R that converge pointwise towards J over Ky

Proof. Denote X : Z2(R?Y) — RU {+0c0} the characteristic function of Ky, i.e.
xn(¥) =0if my(rv) < N, and x ny(v) = +oo otherwise. Since Ky is @ —compact, x
is ®—lower semicontinuous. Moreover, the function v — J(v) + xn(v) is narrowly
lower semicontinuous. Indeed, this is due to the fact that the topology © coincides
with the narrow topology on Ky. Let d : Z5(RY) x Z3(RY) — R* be a metric
inducing the topology of narrow convergence over Z5(R9) (e.g. [4, Section 5.1]), and

Jn(p) == mi , inf  (J+ + nd(pu, .
Jn(p) = min (n uegl(m(‘j xXn) (V) + nd(p V))
We directly have J,(¢) < min (n,J(p)) < J(u) for all p € Po(RY). As J,, is lower
bounded, using that inf(g;) —inf(gs) < sup(g1 — g2), for each pg, 1 € Po(RY) we get

In(to) = In(p1) < max <0, sup  n (d(po,v) — d(p1, V))) < nd(po, pi1)-
veZ,(R9)

By symmetry, J,, is n-Lipschitz w.r.t. d, thus ®-continuous. It is moreover bounded

with values in [min (0,inf (J)),n]. To prove pointwise convergence, let u € Ky be

fixed. Assume by contradiction that there exists M < J(u) such that J, () < M for

all n. Let € := min(1, J(u) — M) > 0. Since J+ x n is narrowly lower semicontinuous,

there exists r > 0 such that d(u, v) < r implies (J+xy)(v) = M +¢/2. In particular,

" int)" (J+xn) ) +nd(u,v) > M + ¢/2. From the definition of J,, we have
w,v)<r

Jn(p) = min (n inf (J+xn)(v) +nd(p,v), inf (J+xy5)v)+ndp, V)) ;
d(pv) <r d(w)>r

and so

Jn(p) > min (n,M + g, ( ing T+ xn)v) er")) > min (n,M + %,inffj + m") .
d(p,v)2r

Taking n large enough so that nr > M + § — inf(J) and n > M + ¢/2, we get
Jn(p) = M + 5, which is absurd. Thus the claim. |

This regularization allows us to implement the strategy of [32, Prop. 1.1].

THEOREM 5.4. Assume Hypotheses 1.2 and 1.3. Suppose that f is autonomous.
Then for any supersolution v : [0,T] x P2(RY) — RU{+0c0} of (4.1) such that v(T,)
is not identically +oco there holds

(5.3) v(t,v) = V(t,v), Y(t,v) € 0,T] x Z5(RY).

Consequently, the value function V' is the smallest viscosity supersolution of (4.1).
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_ Proof. Let (t,7) € [0,T] x 23(RY). From (3.3), we can find N € N, such that
p’ " € Ky for any measurable control u : [¢,T] — U. If v(f,7) = oo, the inequality
(5.3) is trivially satisfied. Assume now that v(t,7) < co. Let (J,), be given by

Lemma 5.3. By Theorems 5.1 and 5.2, the HJB equation

(5.4) = O (t, ) + H (, Dpvn(t,p) =0, o1 1) = Jn(p)

admits a unique solution given by

Va(t,v) =1inf { 3 (") | w: [t,T) — U is measurable} , V(t,v) € [0, T] x P2(R?).

Note that the map v is a supersolution of each regularized problem (5.4). Let o €
P5(RY) such that v(T,0) € R: since v(T,0) = J(o) = Jn(o) = V,(T, o), we have
—00 < V,(T,0) —v(T,0) < 0. In consequence, we can apply Proposition 4.4, and
deduce that v(t,v) > V,,(t,v) for any (t,v) € P2(RY).

By Proposition 4.4, the solutions V;, are ordered in the sense that V,,11(¢,v) >
Vo(t,v) for all n. Moreover, J, < J implies that the subsolutions V,, are smaller
than the supersolution V. Hence the sequence (V,,(¢, 7)), is nondecreasing and upper
bounded by v(t,7) < oo, and converges. For each n € N, let u™ : [t,T] — U be a

measurable control such that V,,(t,7) > J, (ugf"“n) — % Using Lemma 3.6, some
(non relabeled) subsequence converges in © to ,u,t_T’D’“ for some measurable control

w: [t,T] — U. Using the monotonicity of the family (J,), and the continuity in ©®
of each J,, for a fixed m,

n

_ Foon 1 Foam 1 .
lim Vo (£,7) > liminf 3, (057 ) == > Timinf 3 (") =2 = 3 (7).
n

n—o0o n—o0 n n—oo,n=2m

t,u,u™

Since p € Ky, the conclusion follows from taking the limit in m — oo to obtain
v(E7) > lim V() >3 (u57") > V(E9). !
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