
A MINIMALITY PROPERTY OF THE VALUE FUNCTION IN
OPTIMAL CONTROL ON SPACES OF PROBABILITY MEASURES∗

AVERIL AUSSEDAT† AND CRISTOPHER HERMOSILLA‡

Abstract. An optimal control problem with (possibly) unbounded terminal cost is considered in
P2(Rd), the space of Borel probability measures with finite second moment. We consider a suitable
weak topology rendering P2(Rd) locally compact. In this setting, we show that the value function of
a control problem is the minimal viscosity supersolution of an appropriate Hamilton-Jacobi-Bellman
(HJB) equation. Additionally, if the terminal cost is bounded and continuous, we show that the
value function is the unique viscosity solution of the HJB equation.
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1. Introduction. We consider a Hamilton-Jacobi equation arising from an op-
timal control problem whose state space is a set of measures. More precisely, the
unknown of our equation belongs to P2(Rd), the space of Borel probability measures
on Rd with finite second moment. It is well-known that this setting is suitable for
the modelling of optimal control of population dynamics in crowd motion [35, 16] or
biology [14]. In these approaches, the configuration at time s ∈ [0, T ] of a population
is represented by a measure µs ∈ P2(Rd), and the evolution in time is assumed to
satisfy a continuity equation of the form

(1.1) ∂sµs + div (fsµs) = 0, s ∈ [0, T ], µ0 = ν.

The equation (1.1) is understood in the sense of distributions, and is the measure
counterpart of an ODE with initial term ν ∈ P2(Rd) and vector fields fs ∈ C(Rd;Rd).
In this work, we study a controlled version of the continuity equation. Given some
set U ⊂ Rκ and a dynamic f : [0, T ] × P2(Rd) × U → C(Rd;Rd) we consider, for
u : [0, T ] → U measurable and (t, ν) ∈ [0, T ] × P2(Rd), the associated controlled
continuity equation

(1.2) ∂sµs + div (f [s,µs, u(s)] µs) = 0, s ∈ [t, T ], µt = ν.

Let (µt,ν,u
s )s∈[t,T ] be the solution of (1.2), whose meaning and wellposedness will be

discussed in Section 3; see also [8]. We are concerned with a Mayer type problem
associated with a cost J : P2(Rd) → R ∪ {+∞}, which may enforce terminal state
constraints when taking the value +∞. To compute the optimal control, a general
approach is to study the value function V : [0, T ]× P2(Rd) → R ∪ {±∞} given by

(1.3) V (t, ν) := inf
{
J(µt,ν,u

T )
∣∣ u : [t, T ] → U is measurable

}
.

From the theory of Euclidean spaces, it is expected that the value function given in
(1.3) satisfies the Dynamic Programming Principle (DPP)

(1.4) V (t, ν) = inf
{
V
(
s,µt,ν,u

s

)
| u : [s, T ] → U is measurable

}
, for 0 ≤ t ≤ s ≤ T.
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(cristopher.hermosill@usm.cl).

1

mailto:averil.aussedat@insa-rouen.fr
mailto:cristopher.hermosill@usm.cl


2 A. AUSSEDAT AND C. HERMOSILLA

The infinitesimal version of the DPP is the so-called Hamilton-Jacobi-Bellman (HJB)
equation. A classical result of the HJB theory in Euclidian spaces is that whenever
the end-point cost is real-valued and uniformly continuous, the corresponding value
function is the unique solution of the HJB equation in the sense of viscosity solu-
tions [18, 19]. In the case where the end-point cost may take infinite values, the
value function may still be characterized as the smallest supersolution in the classical
(Euclidean) sense. The purpose of this work is to transpose these results to problems
where the state evolves in the space P2(Rd), that is, our main results is concerned
with showing that the value function defined in (1.3) is the smallest supersolution of
the HJB equation in an ad-hoc sense for the space P2(Rd).

To be more precise, the HJB equation we consider in this paper is

(1.5) − ∂tv(t, µ) +H (µ,Dµv(t, µ)) = 0.

Here Dµv(t, µ) is the directional derivative at µ ∈ P2(Rd) of v(t, ·) along geodesics,
which is a mapping defined on P2(TRd)µ, the subset of measures in P2(R2d) whose
first marginal is µ; details are given in subsection 2.2. Accordingly, the (autonomous)
control Hamiltonian in (1.5) is defined over the maps p : P2(TRd)µ → R as follows

H(µ, p) := sup
u∈U

−p ((Id, f [µ, u])#µ) .

Here the symbol # is the pushforward operator. Similar definitions of Dµv and H
are used in [30] to study viscosity solutions of general Hamilton-Jacobi equations in
CAT(0) spaces, and in [29, 6] to treat the Wasserstein space by using its curvature.

The HJB equation we are interested in is a particular instance of a PDE on spaces
of probability measures, which has attracted a lot of interest since the seminal work of
Otto [34] on the porous media equation. The HJB equation, as infinitesimal version of
the DPP, involves “derivatives” of functions defined over P2(Rd). This is one of the
first issues we face when studying Hamilton-Jacobi equations on P2(Rd), since there
is not a unique way to introduce differentiability in P2(Rd), and different notions
of derivatives may be considered; in our case for instance we have chosen directional
derivatives along geodesics. The corpus of results of the theory concerns gradient flows
in the space of measures [4, 15], the master equation in the theory of mean-field games
[13, 11], Hamiltonian systems and flow equations [3, 2] and optimal control problems
[33, 31, 17, 7, 20]. As far as classical solutions are concerned, the prominent theory
is the Lions differentiability [10], that gives a suitable definition of the gradient of a
function defined on P2(Rd). The strength of this idea is to embed measures into an
external Hilbert space, and use the Hilbertian structure therein. This strategy proved
successful to study the master equation whenever the data is sufficiently smooth to
expect a smooth solution [12, Thm. 1.5]. If such regularity is not achievable, the
most effective strategy so far uses semidifferentials defined in an appropriate tangent
space. Indeed, viscosity solutions may be defined by imposing some sign conditions
on the sub and superdifferential of the solution at any point, thus accounting for the
non-existence of a gradient. A standard choice in the literature is the regular tangent
space; see [4]. This space comes from the study of continuity equations, and may be
used to define viscosity solutions [25]. Let us mention also that the case of Eikonal-
type equations can be treated more directly, as in [37] with Sobolev norms, or the
metric viscosity notions of [2, 26, 28].

The notion of viscosity solution we consider is based on sub and supersolutions
as usual; however, the space of test functions is made of functions that are only direc-
tionally differentiable along geodesics with respect to (w.r.t.) the measure variable;
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see subsection 4.1 for details. This allows us to consider a large class of test functions,
including the squared Wasserstein distance, and to avoid any smoothing argument.

Another of the main issues one needs to deal with when studying the HJB equa-
tion in P2(Rd) is the regularity of the value function and the associated topology.
Recall that P2(Rd) may be endowed with different topologies, for example the narrow
topology or the one induced by so-called Wasserstein distance; see [4, Chapter 7]. The
main advantage of the narrow topology is that bounded sets w.r.t. the Wasserstein
distance (i.e., sets with uniformly bounded second moment) are narrowly relatively
compact. Therefore, for any n ∈ N, each

(1.6) Kn :=
{
µ ∈ P2(Rd) | m2(µ) ≤ n

}
, where m2(µ) :=

ˆ
Rd

|x|2dµ,

is narrowly compact. However, it does not hold that any narrowly converging sequence
is bounded w.r.t. the Wasserstein distance.

The results reported in [6] include a strong comparison principle for problems with
terminal costs that are continuous w.r.t. the Wasserstein distance. To cope with the
lack of local compactness of the Wasserstein space, the authors in [6] need to consider
a restrictive notion of upper semicontinuity over the semisolutions. It is worthy to
point out that many of the technicalities in [6] could be avoided using that P2(Rd)
is narrowly locally compact. This in turn would enforce the continuity of the value
function, not w.r.t. the Wasserstein topology, but w.r.t. a weaker topology. The main
novelty of this work is precisely that, the use of an inductive topology on P2(Rd)
that circumvents the issue described above. This topology is an intermediate one on
P2(Rd), weaker than the Wasserstein but stronger than the narrow topology, built
as the inductive limit of narrowly compact topological spaces.

Definition 1.1 (Inductive Topology [27, Definition 2.16]). For each n ∈ N,
let Kn be given by (1.6) and denote Θn the topology on Kn induced by the narrow
topology. The topology Θ is the strongest topology on P2(Rd) that lets the canonical
injections ιn : Kn → P2(Rd) be continuous from (Kn,Θn) to

(
P2(Rd),Θ

)
.

The interplay between this inductive topology and the notion of viscosity solution we
have taken in this paper, allows us to show mutatis mutandis, and using ideas from
[32], that the (discontinuous) value function given by (1.3) can be characterized as the
smallest Θ-lower semicontinuous function that is a supersolution of the HJB equation
(4.1), with terminal condition V (T, ·) = J on P2(Rd).

1.1. Main contributions and standing assumptions. The main results of
the paper are in Section 5, and are proved for autonomous systems (f does not
depend on the time variable). However, the basic results concerning the value function
in Section 3 are proved for non-autonomous systems. We describe now our main
results for autonomous systems. First, assume that the f [·] is Lipschitz, that each set
f [µ, U ] ⊂ C(Rd;Rd) is convex, and that the cost J satisfies the following.

Hypothesis 1.2. The function J : P2(Rd) → R∪{+∞} is lower bounded, Θ-lower
semicontinuous and it is not identically +∞.

Then the value function V given in (1.3) is the minimal supersolution of the HJB
equation (1.5) in the sense of Definition 4.1; see Theorem 5.4. Second, in the case
where J is additionally bounded and Θ-continuous, we are able to prove that V is
actually the unique viscosity solution of (1.5). Additionally, we provide a strong
comparison principle by a rather direct generalization of the arguments of [18]. The
difficulty then lies in proving that the value function is itself Θ-lower semicontinuous.
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In order to present the standing assumptions on the dynamics, we need to intro-
duce some notation. The key point here is that the dynamics takes values in a proper
subspace of C(Rd;Rd). This is due to the linear growth condition in Hypothesis 1.3.
To be more precise, we define X :=

{
b ∈ C(Rd;Rd) | |b|ucc <∞

}
where

(1.7) |b|ucc := ∥b(0)∥+
∑
n∈N

1

2n
sup
x∈Rd

{∥b(x)∥ | ∥x∥ ≤ n} , ∀b ∈ C(Rd;Rd).

It is well-known that C(Rd;Rd) endowed with the topology of convergence on compact
sets is a Fréchet space (see, e.g., [23, Fact 3.76]). The topology induced by |·|ucc in
X is that of uniform convergence over compact sets. Since (X, |·|ucc) is a closed
subspace of C(Rd;Rd), it is a a separable Banach space. It is worth mentioning that
it is also possible to work directly with C(Rd;Rd) as a Fréchet space, provided that
it is endowed with an appropriate metric as done in [8]. Apart from some technical
issues, the analysis should be completely equivalent.

In the sequel, we make the following standing assumptions on the dynamics.
When not explicitly stated otherwise, measurable is meant as Lebesgue-measurable.

Hypothesis 1.3. The dynamic f : [0, T ]× P2(Rd)× U → C(Rd;Rd) is such that
− there is mf : [0, 1] → [0,+∞) integrable such that for a.e. t ∈ [0, T ] and any

(x, µ) ∈ Rd ×P2(Rd) we have sup
u∈U

|f [t, µ, u](x)| ≤ mf (t)(1 + |x|+m2(µ)).

− (t, u) 7→ f [t, µ, u] is a Carathéodory function for any µ ∈ P2(Rd) fixed.
− f [·, U ] is a measurable/Lipschitz map1 with convex images, which are also

closed in the topology of local uniform convergence in C(Rd;Rd).
− µ 7→ f [t, µ, U ] is Θ-upper semicontinuous for any t ∈ [0, T ] fixed, that is, for

any ε > 0 and µ̄ ∈ P2(Rd), there is O ∈ Θ such that µ̄ ∈ O and

sup
u∈U

inf
ū∈U

|f [t, µ, u]− f [t, µ̄, ū]|ucc ≤ ε, ∀µ ∈ O.

− there is Lf : [0, T ] → [0,+∞) integrable such that for a.e. t ∈ [0, T ] and any
x, y ∈ Rd we have sup

µ∈P2(Rd)

sup
u∈U

|f [t, µ, u](x)− f [t, µ, u](y)| ≤ Lf (t)|x− y|.

Note that Hypothesis 1.3 implies that f [·, U ] satisfies [8, Hypotheses (P)]. Thus, the
wellposedness of (1.2) follows from [8, Thm. 3.2] combined with an ad hoc selection
theorem; see Proposition 3.4. It also follows that the set-valued map f [·, U ] has images
in X because for a.e. t ∈ [0, T ] and any µ ∈ P2(Rd)

(1.8) sup
u∈U

|f [t, µ, u]|ucc ≤ mf (t)

(
2 + 2m2(µ) +

∑
n∈N

n

2n

)
.

Hypothesis 1.3 implies that the images of f [·, U ] are closed in (X, |·|ucc), and are sets
of equiLipschitz and equibounded maps. The images of f [·, U ] are thus compact in
(X, |·|ucc). Indeed, by Arzelà-Ascoli, for any compact set K, {b|K | b ∈ f [s, µ,U ]} is
compact in

(
C(K;Rd); |·|ucc

)
. Then a diagonal argument proves the claim.

The rest of the paper is organized as follows. Section 2 gathers the definition
of the Wasserstein space and the metric differential structure over it, as well as the

1The mapping t 7→ f [t, ·] is measurable and there is κf : [0, T ] → [0,+∞) integrable such that

for a.e. t ∈ [0, T ] and any µ, ν ∈ P2(Rd) we have sup
u∈U

|f(t, µ, u)− f(t, ν, u)|ucc ≤ κf (t)W2(µ, ν).
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basic properties of the inductive topology. In Section 3, we study the trajectories of
(1.2) and the continuity properties of the value function in the topology Θ. The HJB
equation (1.5) is revisited in Section 4, where we define viscosity solutions and prove
a strong comparison principle. Section 5 is devoted to the link between the value
function and the HJB equation, and contains our main results.

2. Preliminary material. If A and B are two Polish spaces, the symbol # is
used to denote the pushforward operator, which to any probability measure µ ∈ P(A)
and measurable map g : A→ B, associates another probability measure g#µ ∈ P(B)
given by (g#µ) (Ω) = µ

(
g−1(Ω)

)
for any measurable Ω ⊂ B. We say that a sequence

(µn)n ⊂ P(A) converges narrowly to µ ∈ P(A) if

ˆ
A

φdµn →
ˆ
A

φdµ for any

continuous bounded function φ : A→ R; we denote it by µn ⇀n µ.

2.1. The Wasserstein space. Let R2d ∼= Rd ×Rd and π1, π2 : R2d → Rd

denote the canonical projections, i.e. π1(a, b) = a and π2(a, b) = b. Given µ, ν ∈
P(Rd), let Γ(µ, ν) ⊂ P(R2d) denote the set of transport plans η with first marginal
π1#η equal to µ, and second marginal π2#η equal to ν. Given p ≥ 1, we say that
µ has finite p-moment if mp(µ) :=

´
Rd |x|pdµ is finite, and denote Pp(Rd) the set of

such measures. This set is endowed with the so-called p−Wasserstein distance

W p
p (µ, ν) := inf

η∈Γ(µ,ν)

ˆ
R2d

|π1 − π2|pdη ∀µ, ν ∈ Pp(Rd).

The set of optimal transport plans is denoted Γp
o(µ, ν). For brevity, the 2−Wasserstein

distance will be simply called the Wasserstein distance and we set Γo(µ, ν) = Γ2
o(µ, ν).

It is well-known that the curves [0, 1] ∋ t 7→ ηt := ((1 − t)π1 + tπ2)#η parametrized
by η ∈ Γo(µ, ν) exactly describe the geodesics linking µ to ν; see [4, Section 7]. The
squared Wasserstein distance happens to be semiconcave along geodesics, i.e. for all
σ ∈ P2(Rd) and η ∈ Γo(µ, ν), it follows that

(2.1) W 2
2 (ηt, σ) ⩾ (1− t)W 2

2 (µ, σ) + tW 2
2 (ν, σ)− t(1− t)W 2

2 (µ, ν), ∀t ∈ [0, 1].

2.2. Tangent and cotangent bundles. Let TRd ∼= R2d be the tangent bundle
of Rd. For each µ ∈ P2(Rd), we write P2(TRd)µ :=

{
ξ ∈ P2(R2d)

∣∣ π1#ξ = µ
}
.

This set can be understood as the largest set of velocities issued from µ, that can be
scaled with the operation λ ·ξ := (π1, λπ2)#ξ. Then the curve t 7→ ((1−t)π1+tπ2)#η
coincides with t 7→ expµ(t · ξ) := (π1 + tπ2)#ξ. This curve generalizes the application
t 7→ x+ tv, by sending the mass that ξ puts over (x, v) to the point x+ tv. Following
usual notations, we define the partial inverse of the exponential map expµ by

exp−1
µ (ν) :=

{
ξ ∈ P2(TRd)µ

∣∣∣∣ expµ(ξ) = ν,

ˆ
R2d

|π2|2 dξ =W 2
2 (µ, ν)

}
.

To measure the distance between ξ, ζ ∈ P2(TRd)µ, one introduces a set of 3-plans

Γµ(ξ, ζ) :=
{
α ∈ P(R3d)

∣∣ (π1, π2)#α = ξ, (π1, π3)#α = ζ
}
,

and the application Wµ :
(
P2(TRd)µ

)2 → R+ given by

W 2
µ (ξ, ζ) := inf

α∈Γµ(ξ,ζ)

ˆ
R3d

|π2 − π3|2 dα.
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which is a distance in P2(TRd)µ (see [27, Chap. 4]). Let (π1,0)#µ ∈ P2(TRd)µ be
the probability over the tangent bundle concentrated on the null velocity. We denote

| · |µ : P2(TRd)µ → R+, |ξ|µ :=Wµ (ξ, (π1, 0)#µ) .

In particular, if ξ = g1#µ and ζ = g2#µ for some fields g1, g2 ∈ L2
µ(Rd; TRd), then

Wµ(g1#µ, g2#µ) = ∥g1 − g2∥L2
µ
.

Definition 2.1. For a function p : P2(TRd)µ → R, set

∥p∥µ := sup
{
|p(ξ)| | ξ ∈ P2(TRd)µ, |ξ|µ = 1

}
.

We define the metric cotangent bundle T as T :=
⋃

µ{µ} × Tµ, where

Tµ :=

{
p : P2(TRd)µ → R

∣∣∣∣ ∥p∥µ <∞, p(λξ) = λp(ξ) ∀λ ⩾ 0,
and p is Lipschitz w.r.t. Wµ.

}
.

We then recover |p(ξ)| ⩽ ∥p∥µ|ξ|µ, for any ξ ∈ P2(TRd)µ and p ∈ Tµ. Elements
of Tµ may be built from directional derivatives of sufficiently smooth maps. Here, the
directional derivative of φ : P2(Rd) → R at µ along ξ ∈ P2(TRd)µ is given by

Dµφ(µ)(ξ) = lim
h↘0

φ(expµ(h · ξ))− φ(µ)

h
.

As an important example, let µ, σ ∈ P2(Rd). Due to the semiconcavity (2.1), the
application [0, 1] ∋ h 7→ 1

h

(
W 2

2 (expµ(h · ξ), σ)−W 2
2 (µ, σ)

)
is bounded and monotone,

so that W 2
2 (·, σ) is directionally differentiable along all ξ such that s → expµ(s · ξ)

follows a geodesic. It turns out that the squared distance is directionally differentiable
along any ξ in P2(TRd)µ. According to [4, Prop. 7.3.6] (c.f. [27, Prop. 4.10]) we
have ∥DµW

2
2 (·, σ)∥µ = 2W2(µ, σ) and there holds

DµW
2
2 (µ, σ)(ξ) = inf

η∈exp−1
µ (σ)

inf
α∈Γµ(ξ,η)

ˆ
R3d

⟨π2, π3⟩ dα.

Remark 2.2. Here, we consider the space P2(TRd)µ as a surrogate tangent cone
on the Wasserstein space, instead of the tangent cone of [27, Chap. 4] relying on the
curvature of P2(Rd). While more geometric, the general tangent cone does not bring
nor withdraw anything to the argument, and we spare the reader its technicalities.

2.3. The topology Θ over P2(Rd). As pointed out in the introduction, one
of the main novelties of this work is the use of an inductive topology on P2(Rd). We
now review some of its main properties which are taken from [27, Chapter 2].

Lemma 2.3. Let Θ be given by Definition 1.1.
1. A set A ⊂ P2(Rd) is closed in Θ if and only if each A∩Kn is closed in Θn.
2. A sequence (µn)n ⊂ P2(Rd) converges in Θ towards some µ ∈ P2(Rd) if

and only if µn ⇀n µ and sup
n∈N

m2(µn) <∞. We then denote µn
Θ
⇀n µ.

3. Wasserstein closed balls are compact and sequentially compact in Θ.
4. The squared Wasserstein distance is sequentially Θ-lower semicontinuous.

Recall that in an arbitrary topological space, any closed set is also sequentially
closed. The converse is true for metrizable spaces, but not necessarily for any topo-
logical space. The spaces that satisfy this property are called sequential. Since the
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narrow topology is metrizable (see [4, Remark 5.1.1]), each topological space (Kn,Θn)
is sequential. It is important to mention that this property is inherited by the induc-
tive topology Θ as shown in Lemma 2.4 below; it is actually a general fact, sequential
spaces are stable by inductive limits [24, Corollary 1.7].

Lemma 2.4.
(
P2(Rd),Θ

)
is a sequential space.

Proof. Let A ⊂ P2(Rd) be sequentially Θ-closed. From Item 1 in Lemma 2.3, it
is enough to prove that for each n ∈ N, the set An := A ∩Kn is narrowly closed. Let
(µm)m ⊂ An be a sequence converging narrowly to µ ∈ Kn. By the continuity of ιn,
the sequence (ιn(µm))m ⊂ A converges to ιn(µ), and as A is sequentially Θ-closed,
ιn(µ) ∈ A. The conclusion follows by noticing that ιn(µ) = µ because µ ∈ Kn.

Consequently, in the sequel, we make no distinction between lower (resp. upper)
semicontinuity and sequential lower (resp. upper) semicontinuity for the topology Θ.
In particular, the squared Wasserstein distance turns out to be Θ-lower semicontin-
uous thanks to Item 4 in Lemma 2.3.

3. Trajectories in the Wasserstein space. We now discuss the wellposed-
ness of the controlled continuity equation (1.2) and properties of the set of solutions.
Apart from Lemma 3.9, all the results in this section are written for non-autonomous
systems, where the dependency of f on the time variable is merely measurable. Con-
sidering an autonomous setting does not simplify the arguments, while it will demand
more details for proving Corollary 3.7. Here, and in the sequel, solutions of (1.2) are
understood in the distributional sense.

Definition 3.1. For each (t, ν) ∈ [0, T ) × P2(Rd) and each measurable control
u : [t, T ] → U , we say that a function [t, T ] ∋ s 7→ µs ∈ P2(Rd) is a solution of (1.2)
if it is absolutely continuous (see e.g. [4, Definition 1.1.1]), µt = ν and

(3.1)

ˆ T

t

ˆ
Rd

[∂sφ+ ⟨∇xφ, f [s,µs, u(s)]⟩] dµsds = 0, ∀φ ∈ C∞
c

(
(t, T )× Rd

)
,

Remark 3.2. For any φ ∈ C∞
c

(
(t, T )× Rd

)
, the integral term in (3.1) is well-

defined. Indeed, let u : [t, T ] → U be a measurable control, take r > 0 such that
φ(·, x) ≡ 0 for all |x| ≥ r and let [t, T ] ∋ s 7→ µs ∈ P2(Rd) be absolutely continuous;
in particular s 7→ W2(µs,µt) is bounded. Notice that

√
m2(µs) ≤ W2(µs,µt) +√

m2(µt), then M := sups∈[t,T ] m2(µs) < +∞. From Hypothesis 1.3 we deduce

that the vector field (s, x) 7→ f [s,µs, u(s)](x) is L ⊗ Bd measurable. Thanks to the
Monotone Class Lemma [1, Thm. 4.13], the mapping

s 7→
ˆ
Rd

⟨∇xφ(s, x), f [s,µs, u(s)](x)⟩dµs is measurable.

The integrability comes from Hypothesis 1.3 and the fact thatˆ
Rd

⟨∇xφ(s, x), f [s,µs, u(s)](x)⟩dµs ≤ mf (s)(1 + r +M), for a.e. s ∈ [t, T ].

As in the case of Euclidean spaces, properties of the solutions of the control system
(1.2) are obtained by appealing to a more general dynamical system, a differential
inclusion. In our case, our vehicle will be the theory developed in [8].

Remark 3.3. For each (t, ν) ∈ [0, T )× P2(Rd), consider the continuity inclusion

(3.2) ∂sµs ∈ −div (f [s,µs, U ] µs) , s ∈ [t, T ], µt = ν.
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According to [8, Definition 2.25], a function [t, T ] ∋ s 7→ µs ∈ P2(Rd) is a solution
of (3.2) if it is absolutely continuous, µt = ν and if there is a measurable selection
b(s) ∈ f [s,µs, U ] such that that (µs)s∈[t,T ] is a solution of (1.1) with fs = b(s). It is
not difficult to see that any solution of (1.2) in the sense of Definition 3.1 is a solution
of (3.2), because Hypothesis 1.3 implies that the vector field s 7→ f [s,µs, u(s)] is
measurable. On the other hand, from the Filippov Implicit Function Theorem [1,
Thm. 18.17], for any measurable selection b(s) ∈ f [s,µs, U ], there is a measurable
function u : [t, T ] → U such that b(s) = f [s,µs, u(s)] for a.e. s ∈ [t, T ]. Thus, any
solution of (3.2) provides a solution for (1.2). Also, thanks to Hypothesis 1.3, from
[8, Prop. 2.21 & Remark 2.2], we have that for each (t, ν) ∈ [0, T )×P2(Rd) and each
measurable control u : [t, T ] → U , [t, T ] ∋ s 7→ µs ∈ P2(Rd) is a solution of (1.2),
and

m2(µs) ≤ c2

(
m2(ν) +

ˆ s

t

mf (r)(1 +m2(µr))dr

)
∀s ∈ [t, T ],

where c2 :=
√
2 exp

(
∥mf∥2L1

)
. So, from Grönwall’s inequality, we get

(3.3) m2(µs) ≤ (1 + c2m2(ν)) exp

(
c2

ˆ s

t

mf (r)dr

)
, ∀s ∈ [t, T ].

3.1. Existence and properties of the trajectories. We now move to the
wellposedness of (1.2) and the representation of its solutions. Let us point out that
the representation formula for the continuity equation can be deduced directly from
[4, Prop. 8.1.8] in the case (s, x) 7→ f [s,µs, u(s)](x) is a Borel vector field. This is not
necessarily the case in our setting, however the arguments for proving [4, Prop. 8.1.8]
can be adapted; the key point here is that the flows of (3.4) are globally defined. For
the sake of completeness, we provide the details of the proof.

Proposition 3.4 (Wellposedness and representation). Assume Hypothesis 1.3.
For each (t, ν) ∈ [0, T ) × P2(Rd) and each measurable control u : [t, T ] → U , there
is a unique solution of (1.2), which we denote by (µt,ν,u

s )s∈[t,T ]. Moreover, for any

s ∈ [t, T ], we have that µt,ν,u
s = Y t,u

s #ν where, for any given x ∈ Rd, the mapping
[t, T ] ∋ s 7→ Y t,u

s (x) ∈ Rd is the unique solution of

(3.4)
d

ds
y(s) = f [s,µs, u(s)](y(s)), y(t) = x.

Proof. Take a measurable control u : [t, T ] → U and consider the set-valued
map G(s, µ) = {f [s, µ, u(s)]} defined for (s, µ) ∈ [t, T ] × P2(Rd) with values in
C(Rd;Rd). Observe that Hypothesis 1.3 implies that G satisfies [8, Hypotheses (P)].
Thus from [8, Thm.s 3.2] we get the existence of an absolutely continuous function
[t, T ] ∋ s 7→ µs ∈ P2(Rd) such that µt = ν and that satisfies (3.1); the latter is
due to the fact that s 7→ f [s,µs, u(s)] is the only possible measurable selection of
s 7→ G(s,µs). Notice that, thanks to [38, Corollary 2.4.5], for any x ∈ Rd the Cauchy
problem (3.4) has a unique solution, denoted (Y t,u

s (x))s∈[t,T ], because the vector field
(s, y) 7→ gµ(s, y) := f [s,µs, u(s)](y) is measurable/Lipschitz in the sense that

∥gµ(s, y1)− gµ(s, y2)∥ ≤ Lf (s)∥y1 − y2∥, for a.e. s ∈ [t, T ], ∀y1, y2 ∈ Rd .

Therefore, for any φ ∈ C∞
c

(
(t, T )× Rd

)
and x ∈ Rd, the maps s 7→ φ(s, Y t,u

s (x))
are absolutely continuous in (t, T ). Consequently, proceeding as in [4, Lemma 8.1.6],
we can show that the mapping [t, T ] ∋ s 7→ Y t,u

s #ν is a solution of the continuity
equation (1.1) with fs = gµ(s, ·). The fact that µs = Y t,u

s #ν for any s ∈ [t, T ]
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is then a consequence of [4, Prop. 8.1.7]. Finally, we turn into the uniqueness of
solutions. Suppose that µ1

s = Ys#ν and µ2
s = Zs#ν are solutions of (3.1), where Y

and Z are the flows of (3.4) associated with g1(s, y) = f [s,µ1
s, u(s)](y) and g2(s, y) =

f [s,µ2
s, u(s)](y). From Hypothesis 1.3, for a.e. s ∈ [t, T ] and any x ∈ Rd we have

∥g1(s, Ys(x))− g2(s, Zs(x))∥ ≤ Lf (s)∥Ys(x)− Zs(x)∥+ κf (s)W2(µ
1
s,µ

2
s).

Therefore, from Grönwall’s inequality [38, Lemma 2.4.4] and [4, (7.1.6)] we obtain

W2(µ
1
s,µ

2
s) ≤ ∥Ys − Zs∥L2(ν) ≤ exp

(ˆ T

t

Lf (r)dr

) ˆ s

t

κf (r)W2(µ
1
r,µ

2
r)dr.

Using Grönwall’s inequality again, we getW2(µ
1
s,µ

2
s) ≤ 0, and the conclusion follows.

Remark 3.5. Since the dynamic f̃ : [0, T ] × P2(Rd) × U → C(Rd;Rd) given by
f̃(s, µ, u) := −f(T−s, µ, u) satisfies the hypotheses of Proposition 3.4, it is not difficult
to see that if (µt,ν,u

s )s∈[t,T ] is the solution given by Proposition 3.4 associated with

(t, ν) ∈ [0, T ) × P2(Rd) and the measurable control u : [t, T ] → U , then for any
t̃ ∈ [0, t) and any measurable control ũ : [t̃, T ] → U such that ũ|[t,T ] = u a.e., there

is ν̃ ∈ P2(Rd) for which µt̃,ν̃,ũ
t = ν. Here (µt̃,ν̃,ũ

s )s∈[t̃,T ] is the solution given by

Proposition 3.4 associated with (t̃, ν̃) and the measurable control ũ.

3.2. The value function and its properties. We turn our attention to the
properties of the value function. Before going further, we need to prove a convergence
theorem for trajectories of (1.2). The following result is akin to [8, Thm. 4.5].
The main difference is that here convergence of the trajectories is not considered
w.r.t. W2−distance, but rather w.r.t. a weaker one (Wp with p ∈ [1, 2)), while the
dependence on the initial condition is taken w.r.t. the inductive topology Θ.

Lemma 3.6 (Convergence of trajectories). Assume Hypothesis 1.3 and take

(t, ν) ∈ [0, T )×P2(Rd). Let (νn)n∈N ⊂ P2(Rd) be such that νn
Θ
⇀n ν. Let (µ

n
s )s∈[t,T ]

be the solution of (1.2) provided by Proposition 3.4, starting from νn and associated
with the measurable control un : [t, T ] → U . Then, for any p ∈ [1, 2) there is a
measurable control u : [t, T ] → U such that

lim inf
n→+∞

sup
s∈[t,T ]

Wp

(
µn

s ,µ
t,ν,u
s

)
= 0.

Here (µt,ν,u
s )s∈[t,T ] is the unique solution of (1.2) provided by Proposition 3.4.

Proof. The proof is rather technical, and we divide it into several steps.

Step 1: We construct a candidate to solution. Let us fix p ∈ [1, 2). Since νn
Θ
⇀n ν,

from Lemma 2.3 there is R ⩾ 0 such that m2(νn) ⩽ R for all n ∈ N. From (3.3) we de-
duce that there is RT ⩾ 0 such that m2(µ

n
s ) ⩽ RT for all (s, n) ∈ [t, T ]×N. Therefore,

thanks to [4, §5.1.1. and Lemma 5.1.7], for any s ∈ [t, T ], each section (µn
s )n∈N has

uniformly integrable p−moments and it is tight; in particular (µn
s )s∈[t,T ] ⊂ Pp(Rd).

From Prokhorov’s Theorem, combined with [4, Prop.s 7.1.4 and 7.1.5], we get that
the sections (µn

s )n∈N are relatively compact in (Pp(Rd),Wp). We will therefore ob-

tain the candidate as a limit point by using Arzelà-Ascoli Theorem in (Pp(Rd),Wp).
Notice that from [4, (7.1.6)] we have

W2(µ
n
s ,µ

n
r ) ≤ ∥Y t,un

s − Y t,un

r ∥L2(νn), ∀r, s ∈ [t, T ],
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where Y t,un

is given by Proposition 3.4. Assume for simplicity that r < s. By
Grönwall’s inequality [38, Lemma 2.4.4] we get

|Y t,un

s (x)− Y t,un

r (x)| ≤ (1 +RT + |x|) exp
(ˆ s

r

mf (z)dz

)ˆ s

r

mf (z)dz, ∀x ∈ Rd .

It follows that (µn)n∈N is equi-continuous w.r.t. the W2−distance. Hölder’s inequal-
ity implies that Wp ≤ W2. Consequently, (µn

s )s∈[t,T ] ⊂ Pp(Rd) is equi-continuous
w.r.t. the Wp−distance. By Arzelà-Ascoli Theorem, there is an absolutely continuous

map [t, T ] ∋ s 7→ µs ∈ Pp(Rd) and a (non relabeled) subsequence (µn)n∈N so that

(3.5) lim
n→+∞

sup
s∈[t,T ]

Wp(µ
n
s ,µs) = 0 and sup

s∈[t,T ]

m2(µs) ≤ RT .

It remains to prove that µ = µt,ν,u for some measurable control u : [t, T ] → U .
Step 2: We study now the convergence of the vector fields (s, y) 7→ bn(s, y) :=
f [s,µn

s , u(s)](y). It follows from (1.8) that bn ∈ L1([t, T ];X); here Lq([t, T ];X) stands
for the usual Lebesgue-Bochner space for q ∈ [1,+∞] (see e.g., [22]). Moreover, since
f [s,µs, U ] is compact in (X, |·|ucc), by [21, Corollary 2.6] (see also [8, Thm. 2.1]),
there is a (non relabeled) subsequence that converges weakly to some b ∈ L1([t, T ];X).

Let us show that bs ∈ As := f [s,µs, U ] for a.e. s ∈ [t, T ]. First, let us prove that

ˆ T

t

ps(bs)ds ⩽
ˆ T

t

σ(s,ps)ds, ∀p ∈ L∞([t, T ];X∗),(3.6)

where σ(s, p) := sup{p(β) | β ∈ As} for any (s, p) ∈ [t, T ] × X∗. Notice that σ is a
Carathéodory function. Indeed, for s ∈ [t, T ] fixed, σ(s, ·) is a finite convex function,
which is also bounded above on any neighborhood of p = 0 thanks to (1.8), thus
it is continuous. Also, since s 7→ As is measurable and has closed images, for any
p ∈ X∗ fixed σ(·, p) is measurable (see e.g., [5, Thm. 8.2.14]). Observe that the same
arguments allow to deduce that for any n ∈ N, the mapping σn(s, p) := sup{p(β) |
β ∈ f [s,µn

s , U ]} is Carathéodory as well. In particular, the mappings s 7→ σ(s,ps)
and s 7→ σn(s,ps) are measurable for any p ∈ L∞([t, T ];X∗) fixed (see [5, Lemma
8.2.3]), and the integrals in (3.6) and (3.7) below have meaning. As a matter of fact,
both integrals are finite thanks to (1.8).

By weak convergence, for any p ∈ L∞([t, T ];X∗) ⊂ [L1([t, T ];X)]∗, we have that

ˆ T

t

ps(bs)ds = lim sup
n→+∞

ˆ T

t

ps(b
n
s )ds ⩽ lim sup

n→+∞

ˆ T

t

σn(s,ps)ds.(3.7)

On the other hand, from (3.5), we also have that µn
s

Θ
⇀n µs for each s ∈ [t, T ] fixed,

so that by upper semi-continuity of µ 7→ f [s, µ, U ], we get

lim sup
n→∞

σn(s,ps) ⩽ σ(s,ps).

Using (1.8) and Fatou’s Lemma we get (3.6). To complete this part of the proof,
we use a result inspired by the theory of convex integral functionals developed by
Rockafellar, in particular by [36, Thm. 2]. Let χAs

be the characteristic function of
χAs

, i.e. χAs
(b) = 0 if b ∈ χAs

, and χAs
(ν) = +∞ otherwise. We claim that

sup
p∈L∞([t,T ];X∗)

ˆ T

t

[ps(bs)− σ(s,ps)] ds =

ˆ T

t

χAs
(bs)ds.(3.8)
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Since As is a nonempty convex closed subset of X, by the standard theory of convex
analysis (see [39] for example), we have that supp∈X∗ p(β)− σ(s, p) = χAs

(β) for any
β ∈ X. Thus, the inequality “⩽ ” is straightforward. To prove the other inequality, for
any k ∈ N, we define χk(s) = supp∈X∗ {p(bs)− σ(s, p) | ∥p∥X∗ ≤ k} for a.e. s ∈ [t, T ].

Clearly χk(s) ↗ χAs
(bs) for a.e. s ∈ [t, T ]. Notice that, since X is separable, the set

{p ∈ X∗ | ∥p∥X∗ ≤ k} is compact and metrizable in the weak* topology on X∗ ([9,
Thm. 3.28]), therefore it is separable. From the Marginal Map Theorem [5, Thm.
8.2.11], each χk is a measurable function and the marginal mapping Rk(s) = {p ∈
X∗ | ∥p∥X∗ ≤ k, χk(s) = p(bs) − σ(s, p)} is measurable, and since for s ∈ [t, T ]
fixed, σ(s, ·) is weak* lower semicontinuous in X∗, Rk(s) is nonempty and closed in
the weak* topology on X∗. In particular, from the Measurable Selection Theorem [5,
Thm. 8.1.3], for any k ∈ N, there is pk ∈ L∞([t, T ];X∗) such that ∥pk

s∥X∗ ≤ k and
χk(s) = pk

s(bs)− σ(s,pk
s) for a.e. s ∈ [t, T ]. It follows then that

sup
p∈L∞([t,T ];X∗)

ˆ T

t

[ps(bs)− σ(s,ps)] ds ≥
ˆ T

t

[
pk
s(bs)− σ(s,pk

s)
]
ds =

ˆ T

t

χk(s)ds.

Since, χk(s) ↗ χAs
(bs) for a.e. s ∈ [t, T ], we have that s 7→ χAs

(bs) is measurable
function, and therefore, we get (3.8) from the Monotone Convergence Theorem.

Combining then (3.6) and (3.8), we deduce that bs ∈ f [s,µs, U ] for a.e. s ∈ [t, T ].
Step 3: We prove finally that µ is a solution to the continuity equation. Take

φ ∈ C∞
c ((t, T ) × Rd;R) arbitrary, but fixed, and let nφ ∈ N be large enough so that

φ(·, x) = 0 whenever |x| > nφ. Since (µn
s )s∈[t,T ] solves (1.2), for any n ∈ N we have

ˆ T

t

ˆ
Rd

[∂sφ+ ⟨∇xφ, bs⟩] dµsds = In
1 + In

2 + In
3 ,

where

In
1 :=

ˆ T

t

[ˆ
Rd

∂sφdµs −
ˆ
Rd

∂sφdµ
n
s

]
ds, In

2 :=

ˆ T

t

ˆ
Rd

⟨∇xφ, bs − bns ⟩ dµsds

and

In
3 :=

ˆ T

t

[ˆ
Rd

⟨∇xφ, b
n
s ⟩ dµs −

ˆ
Rd

⟨∇xφ, b
n
s ⟩ dµn

s

]
ds.

Since µn
s

Θ
⇀n µs for each s ∈ [t, T ] fixed,

ˆ
Rd

∂sφdµ
n
s →

ˆ
Rd

∂sφdµs if n→ +∞. Thus

from the Dominated Convergence Theorem, we get that In
1 → 0 when n→ +∞. Also,

given that bn converges weakly to b in L1([t, T ];X) we get that In
2 → 0 if n → +∞.

To see this it suffices to note that the real-valued linear operator

β 7→
ˆ T

t

ˆ
Rd

⟨∇xφ, βs⟩ dµsds

defined on L1([t, T ];X) is bounded. Indeed, for any β ∈ L1([t, T ];X) we have
ˆ
Rd

⟨∇xφ, βs⟩ dµs ⩽
ˆ

{∥x∥≤nφ}

|∇xφ| ∥βs∥dµs ⩽ 2nφ∥∇xφ∥∞|βs|ucc.

Integrating over s ∈ [t, T ], we get that the operator is bounded, thus an element of
[L1([t, T ];X)]∗. Therefore, In

2 → 0 when n→ +∞.
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The final step is to prove that In
3 → 0 if n→ +∞. This will be a consequence of

the fact that µn converges uniformly to µ for the Wp−distance. For any n ∈ N, let
[t, T ] ∋ s 7→ ηn

s ∈ P2(R2d) be such that ηn
s ∈ Γp

o(µs,µ
n
s ) for a.e. s ∈ [t, T ]. Then

In
3 =

ˆ T

t

ˆ
R2d

[⟨∇xφ(s, x), b
n
s (x)⟩ − ⟨∇xφ(s, y), b

n
s (y)⟩] dηn

s (x, y)ds.

From Hypothesis 1.3 and (3.3), for any n ∈ N, we have ∥bns (x)∥ ≤ mf (s)(1+nφ+RT )
for a.e. s ∈ [t, T ] and whenever ∥x∥ ≤ nφ. Let Aφ = {(x, y) ∈ R2d | ∥x∥, ∥y∥ ≤ nφ}
and let Lφ > 0 be a Lipschitz constant for ∇xφ. From Hypothesis 1.3, we have

In
3 ≤
ˆ T

t

[mf (s)Lφ(1 + nφ +RT ) + Lf (s)∥∇xφ∥∞]

ˆ
Aφ

∥x− y∥dηn
s (x, y)ds.

From Hölder’s inequality, we get

In
3 ≤ sup

s∈[t,T ]

Wp (µs,µ
n
s )

ˆ T

t

[mf (s)Lφ(1 + nφ +RT ) + Lf (s)∥∇xφ∥∞]ds.

This completes the proof.

Observe that for any given measurable control u : [0, T ] → U , the dynamics fu :
[0, T ]×P2(Rd)×U → C(Rd;Rd), defined via the formula fu(s, µ) := f(s, µ, u(s)) for
a.e. s ∈ [0, T ] and µ ∈ P2(Rd), satisfies the assumption of Lemma 3.6. Therefore, by
the uniqueness of solutions to (1.2), the following statements can be readily deduced.

Corollary 3.7. Assume Hypothesis 1.3 and take (t, ν) ∈ [0, T ) × P2(Rd) and
a measurable control u : [t, T ] → U . Let (µt,ν,u

s )s∈[t,T ] be the unique solution of (1.2)

provided by Proposition 3.4. Then, for any sequence (νn)n∈N ⊂ P2(Rd) such that

νn
Θ
⇀n ν and any p ∈ [1, 2), we have Wp

(
µt,νn,u

T ,µt,ν,u
T

)
→ 0 as n→ +∞.

Proof. It is enough to observe that, from Lemma 3.6, the only accumulation point
of Wp

(
µt,νn,u

T ,µt,ν,u
T

)
is zero.

We are now in a position to present a regularity result for the value function.

Lemma 3.8 (Regularity of the value function). Assume Hypotheses 1.2 and 1.3.
Let V : [0, T ]×P2(Rd) → R ∪ {±∞} be the value function given by (1.3) Then each
V (t, ·) is not identically +∞ and V is lower bounded and Θ-lower semicontinuous.
Moreover, if J is bounded and Θ-continuous, then so is V .

Proof. Lower boundedness of V follows from that of J and by its definition. Let
ν ∈ P2(Rd) such that J(ν) < +∞. From Remark 3.5, for any control u : [0, T ] → U ,

there is ν̃ ∈ P2(Rd) for which µ0,ν̃,u
T = ν. Therefore, V (t,µ0,ν̃,u

t ) ⩽ J(ν) < +∞.
Step I: From Lemma 2.4, to prove that V is Θ-lower semicontinuous, we only have
to show that it is sequentially lower semicontinuous for the inductive topology Θ. Let

(tn, νn)n ⊂ [0, T ] × P2(Rd) be such that tn → t ∈ [0, T ] and νn
Θ
⇀n ν ∈ P2(Rd).

For each n ∈ N, there is a measurable control un : [tn, T ] → U such that V (tn, νn) ⩾
J(µtn,νn,un

T )− 1/n.

We claim that there is ν̃n ∈ P2(Rd) such that ν̃n
Θ
⇀n ν ∈ P2(Rd) and a

measurable control ũn : [t, T ] → U such that µt,ν̃n,ũn

T = µtn,νn,un

T . Indeed, if

tn < t, set ũn = un|[t,T ] a.e. and ν̃n = µtn,νn,un

t . Similarly as done in the proof

of Lemma 3.6 (Step 1), we can find c > 0 such that W2 (νn, ν̃n) ≤ c
´ t
tn
mf (r)dr.
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Therefore Wp (ν̃n, ν) → 0 as n→ +∞, for any p ∈ [1, 2), and so ν̃n
Θ
⇀n ν as well. On

the other hand, if tn > t, it is enough take any ũn : [t, T ] → U such that ũn = un|[t,T ]

a.e. and take ν̃n ∈ P2(Rd) given by Remark 3.5. Similarly as mentioned above, we

can find c > 0 such that W2 (νn, ν̃n) ≤ c
´ tn
t
mf (r)dr, and so ν̃n

Θ
⇀n ν as n→ +∞.

Therefore, from Lemma 3.6, possibly along a subsequence, there is a measurable
control u : [t, T ] → U such that W1

(
µtn,νn,un

T ,µtn,ν,u
T

)
→ 0 as n → +∞. Thus, in

particular, µtn,νn,un

T
Θ
⇀n µt,ν,u

T . Then, by lower semicontinuity of J in Θ, we get

lim inf
n→∞

V (tn, νn) ⩾ lim inf
n→∞

J(µtn,νn,un

T )− 1

n
⩾ J(µt,ν,u

T ) ⩾ V (t, ν).

Step II: Assume now that J is bounded and Θ-continuous. Then V shares the
same bound by definition. To prove that V is Θ-upper semicontinuous, fix (t, ν) ∈
[0, T ]×P2(Rd) and take a sequence (tn, νn)n ⊂ [0, T ]×P2(Rd) such that tn → t and

νn
Θ
⇀n ν. Up to extraction of a subsequence, we may assume that lim sup

n→∞
V (tn, νn) =

lim
n→∞

V (tn, νn). For each ε > 0, there is a measurable control uε : [t, T ] → U such

that V (t, ν) ⩾ J(µt,ν,uε

T ) − ε. Notice that if tn < t, then from (1.4), we have that

V (tn, νn) ≤ V (t,µtn,νn,ũn

t ) for any measurable control ũn : [tn, T ] → U . As described

above in Step I, it follows that ν̃n := µtn,νn,ũ
t

Θ
⇀n ν as n → +∞. Therefore, if we

take ũn such that ũn|[t,T ] = uε, from Corollary 3.7 we have that µt,ν̃n,uε

T
Θ
⇀n µt,ν,uε

T .
Then, since J is Θ-continuous,

lim
n→∞

V (tn, νn) ⩽ lim sup
n→∞

V (t, ν̃n) ⩽ lim sup
t→∞

J(µt,ν̃n,uε

T ) = J(µt,ν,uε

T ) ⩽ V (t, ν) + ε.

On the other hand, if t < tn, using Remark 3.5 and the arguments described above

in Step I, there is ν̃n ∈ P2(Rd) such that ν̃n
Θ
⇀n ν as n → +∞ with µt,ν̃n,uε

tn =

νn. Notice that µtn,νn,uε

T = µt,ν̃n,uε

T , and moreover, µtn,ν̃n,uε

T
Θ
⇀n µt,ν,uε

T thanks to
Corollary 3.7. Thus, by continuity of J we have

lim
n→∞

V (tn, νn) ⩽ lim
t→∞

J(µtn,νn,uε

T ) = lim
t→∞

J(µtn,ν̃n,uε

T ) = J(µt,ν,uε

T ) ⩽ V (t, ν) + ε.

Letting ε↘ 0 in both cases, we conclude that V is Θ-continuous.

3.3. Approximation along a subsequence. Recall that, as mentioned in the
introduction, the HJB equation is the infinitesimal version of the DPP stated in (1.4),
and as such, it requires to work with the time linearization of the mapping s 7→ µt,ν,u

s

at s = t. From the representation formula given in Proposition 3.4, we have that
µt,ν,u

s = Y t,u
s #ν where, for any given x ∈ Rd, the mapping s 7→ Y t,u

s (x) ∈ Rd is
the unique solution of (3.4). This mapping is merely absolutely continuous, since
the associated vector field s 7→ f [s,µs, u(s)](x) is just measurable. However, in the
autonomous case, we can still approximate a trajectory issued from ν by a ”linear”
curve along some given sequence of times.

As a similar result has been proved in [6], we just provide a sketch of the proof.

Lemma 3.9. Let (t, ν) ∈ [ 0, T ) × P2(Rd) and u : [t, T ] → U be a measurable
control. Assume that f satisfies Hypothesis 1.3, and is autonomous. Let (µt,ν,u

s )s∈[t,T ]

be the unique solution of (1.2) provided by Proposition 3.4. There exist b ∈ f [ν, U ]
and a vanishing sequence (hn)n∈N ⊂ (0, T − t] such that

lim
n→∞

W2

(
µt,ν,u

t+hn
, expν(hn · (Id, b)#ν)

)
hn

= 0.
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Proof. For h > 0 such that t+ h ⩽ T , consider b
h
(x) :=

1

h

ˆ t+h

t

f [µs, u(s)](x)ds

for any x ∈ Rd. By convexity, b
h ∈ f [ν, U ] and by compactness of f [ν, U ] in the

topology of uniform convergence over compact sets, there exists a sequence (hn)n ↘ 0

and some b ∈ f [ν, U ] such that b
hn

converges uniformly over compact sets towards b.
From [4, (7.1.6)] and the representation formula given in Proposition 3.4, we have

W2(µ
t,ν,u
s , Zn#ν) ≤ ∥Y t,u

s − Zn∥L2(ν), ∀s ∈ [t, T ],

where Zn = Id + hnb̄. The conclusion then follows from appropriate estimates of the
right-hand side; see [6, Lemma 4.6] for details.

4. The Hamilton-Jacobi equation. Let H : T → R, and consider the HJ
equation

(4.1) − ∂tv(t, µ) +H (µ,Dµv(t, µ)) = 0 t ∈ (0, T ), v(T, ·) = J.

This section is devoted to the notion of solution adapted to (4.1). We first introduce
a definition of viscosity solutions using test functions, and then prove a comparison
principle that implies the uniqueness of the viscosity solution of (4.1).

4.1. Definition of viscosity solutions. We employ two distinct sets of test
functions for the sub and supersolutions. Denote

T± :=

{
(t, µ) 7→ ψ(t)±

N∑
i=1

αiW
2
2 (µ, νi)

∣∣∣∣∣ ψ ∈ C1((0, T );R), N ∈ N, and
(αi, νi)i∈{1,··· ,N} ⊂ R+ × P2(Rd).

}
In particular, test functions in T+ are Θ-lower semicontinuous, locally Lipschitz and
directionally differentiable everywhere, and T− = −T+. As each term of the finite
sum of the measure component is directionally differentiable, so is each φ(t, ·) for

φ ∈ T±, and there holds Dµφ(t, µ)(ξ) = ±
∑N

i=1 αiDµW
2
2 (µ, νi)(ξ).

We consider the following definition.

Definition 4.1 (Viscosity solution). v : [0, T ]×P2(Rd) → R ∪ {±∞} is called
− a viscosity subsolution of (4.1) if it is Θ-upper semicontinuous, does not take

the value +∞, and for each φ ∈ T+ such that v−φ reaches a finite maximum
in (t, µ) ∈ (0, T )× P2(Rd), there holds

(4.2) − ∂tφ(t, µ) +H (µ,Dµφ(t, µ)) ⩽ 0.

− a viscosity supersolution of (4.1) if it is Θ-lower semicontinuous, does not
take the value −∞, and for each φ ∈ T− such that v − φ reaches a finite
minimum in (t, µ) ∈ (0, T )× P2(Rd), there holds

(4.3) − ∂tφ(t, µ) +H (µ,Dµφ(t, µ)) ⩾ 0.

− a viscosity solution of (4.1) if it is both a sub and supersolution, and if
v(T, µ) = J(µ).

This notion of viscosity solution takes ideas from [29, 6] on the use of locally Lipschitz
and semiconcave test functions in place of smooth test functions. As C2 functions
are locally semiconcave and semiconvex, this corresponds to choosing the correct
condition in order to match the properties of the squared distance. Symmetrically, in
non-negatively curved spaces, one may choose semiconvex test functions.
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4.2. Comparison principle. The comparison principle is the key result in the
viscosity theory. It essentially says that subsolutions are always smaller than superso-
lutions in the pointwise sense. This gives the uniqueness of the viscosity solution, and
in the classical theory, also allows to obtain existence for general nonconvex Hamil-
tonians. Owing to the local compactness of

(
P2(Rd),Θ

)
, our strategy to obtain a

comparison principle is quite close to that of [18]. In particular, we base our proof
in the so-called doubling variables method. This technique in turn relies on a suitable
penalization lemma. We state an adaptation of [18, Prop. 3.7] to our case; its proof
is essentially the same as in [18], so we omit it.

Lemma 4.2 ([18, Prop. 3.7]). Let (Z, τ) be a topological space, O ⊂ Z be a
nonempty set, Φ : O → R ∪ {−∞} be τ -upper semicontinuous and proper in O,
Ψ : O → R be τ -lower semicontinuous and nonnegative. For any a > 0, define
Γa := sup

x∈O
[Φ(x)− aΨ(x)] . Assume that −∞ < lim

a→∞
Γa < ∞, and let xa ∈ O be

chosen such that lim
a→∞

(Γa − (Φ(xa)− aΨ(xa))) = 0. Then the following holds:

1. lim
a→∞

aΨ(xa) = 0,

2. whenever x̂ ∈ O is a limit point of (xa)a in (Z, τ), then Ψ(x̂) = 0 and
lim
a→∞

Γa = Φ(x̂) = sup
Ψ(x)=0

Φ(x).

The comparison principle will rely on the next assumptions on the Hamiltonian.

Hypothesis 4.3. There is CH ⩾ 0 such that for all µ, ν ∈ P2(Rd) and p, q ∈ Tµ,

(4.4) |H (µ, p+ q)−H (µ, p)| ⩽ CH

(
1 +

√
m2(µ)

)
∥p∥µ,

and for all a ⩾ 0,

(4.5) H
(
µ,−aDµW

2
2 (µ, ν)

)
−H

(
ν, aDνW

2
2 (µ, ν)

)
⩽ aCHW

2
2 (µ, ν).

The fact that the Hamiltonian issued from the control problem (1.3) and given in
section 5, equation (5.1), satisfies Hypothesis 4.3 is proved in [6, Section 6, Lemmata
6 and 7]. The argument relies on the explicit formula of the differential of the squared
distance, and on the construction of a suitable plan by disintegration. The Hamilton-
ian in the quoted reference features an additional projection on the geometric tangent
cone; however the directional derivative of the squared Wasserstein distance along the
projection is the same as along the original vector, as is proved in [27, Corollary 4.34].
We are now in a position to state our comparison principle.

Proposition 4.4 (Comparison principle). Assume Hypotheses 1.2, 1.3, and 4.3.
Let v : [0, T ] × P2(Rd) → R ∪ {−∞} be a subsolution of (4.1) bounded from above,
and w : [0, T ]×P2(Rd) → R∪{+∞} be a supersolution of (4.1) bounded from below.
Assume that there exists σ ∈ P2(Rd) such that v(T, σ)− w(T, σ) ∈ R. Then

Γ := sup
(t,µ)∈[0,T ]×P2(Rd)

(v(t, µ)− w(t, µ)) ⩽ sup
µ∈P2(Rd)

(v(T, µ)− w(T, µ)) =: ΓT .

Proof. The proof is based on the doubling variables method [18]. The underlying
idea is the following. Assume by contradiction that ΓT > Γ. From this condition,
deduce the existence of (t, µ) ∈ (0, T )× P2(Rd) and of some test functions φ and ψ
such that: (i) v − φ attains its maximum at (t, µ), (ii) w − ψ attains its minimum at
(t, µ), and (iii) −∂tφ+H(µ,Dµφ) > −∂tψ+H(µ,Dµψ). As long as t > 0, the defini-
tion of viscosity sub and super solution yields, respectively, to −∂tφ+H(µ,Dµφ) ⩽ 0
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and −∂tψ +H(µ,Dµψ) ⩾ 0. This leads to a contradiction, and completes the proof.
However, such a (t, µ) may not exist, and one has to proceed by approximation.

By assumption, ΓT and Γ are finite. Since v is a subsolution and w is a su-
persolution, ΓT ≤ 0. Up to replacing v by v − ΓT , we may assume that ΓT = 0.
Assume by contradiction that Γ > 0. Define vα(t, µ) := v(t, µ) + α(t − T ) for any
α > 0. Note that vα is also a subsolution and, since Γ > 0, there is α > 0 so that
Γα := sup{vα(t, µ)− w(t, µ) | (t, µ) ∈ [0, T ]× P2(Rd)} > 0. Let now σ ∈ P2(Rd) be
as in the statement, and take a vanishing sequence (εi)i ⊂ (0, 1) such that

Γα
i := sup

(t,µ)∈[0,T ]×P2(Rd)

(
vα(t, µ)− w(t, µ)− 2εi

(
W 2

2 (σ, µ) +
1

t

))
> 0, ∀i ∈ N.

The existence of the sequence is ensured by the fact that Γα > 0. The sequence (Γα
i )i

is bounded above by Γα, nondecreasing and converges to Γα. For each i, n ∈ N, let

Φi,n(t, s, µ, ν) := vα(t, µ)− w(s, ν)− n
W 2

2 (µ, ν) + |t− s|2

2

− εi

(
W 2

2 (σ, µ) +W 2
2 (σ, ν) +

1

t
+

1

s

)
.

We divide the rest of the proof into several parts.

Point of maximum Notice that if Φi,n(t, s, µ, ν) ⩾ Φi,n(T, T, σ, σ), then

εi
(
W 2

2 (σ, µ) +W 2
2 (σ, ν)

)
⩽ sup(vα)− inf(w) +

2εi
T

− (vα(T, σ)− w(T, σ)) <∞.

Then there is Ni ∈ N such that {Φi,n ⩾ Φi,n(T, T, σ, σ)} ⊂ [0, T ]2 × KNi
× KNi

.
From Lemmas 2.3 and 2.4 , the set [0, T ] × [0, T ] × KNi

× KNi
is (sequentially)

compact in the product topology τ := τ[0,T ] ⊗ τ[0,T ] ⊗Θ⊗Θ, where τ[0,T ] is the usual
metric topology on [0, T ]. Moreover, since Φi,n is not identically +∞, it is upper
bounded and upper semicontinuous in this topology, there exists a maximum point
zi,n := (ti,n, si,n, µi,n, νi,n) of Φi,n over its domain. As Ni is independent of n ∈ N,
there is a subsequence (which we do not relabel) of (zi,n)n that converges to some
zi := (ti, si, µi, νi) ∈ [0, T ]× [0, T ]×P2(Rd)×P2(Rd). Consequently, we may assume
that zi,n → zi in the topology τ and that (Φi,n(zi,n))n converges.

Applying Lemma 4.2, we get that possibly along a subsequence,

(4.6) lim
n→+∞

n
(
W 2

2 (µi,n, νi,n) + |ti,n − si,n|2
)
= 0 and lim

n→+∞
Φi,n(zi,n) = Γα

i .

In particular, it follows that ti = si and moreover, µi = νi because W 2
2 is Θ-lower

semicontinuous (see Lemma 2.3).

Staying away from the boundary By construction, ti,n > 0 and si,n > 0 for
each i, n ∈ N. On the other hand, for each i ∈ N, there exists ni ∈ N large enough
so that ti,n, si,n < T for all n ≥ ni. Indeed, if it was not the case, for some i ∈ N
there would exist an increasing sequence of natural numbers (nj)j such that either
ti,nj

= T or si,nj
= T . From (4.6), we get that ti,nj

→ T and si,nj
→ T when j → ∞,

and using the uppercontinuity of vα and the lower semicontinuity of w, we get

Γα
i = lim

j→∞
Φi,nj

(zi,nj
) ⩽ lim sup

j→∞
vα(ti,nj

, µi,nj
)−w(si,nj

, νi,nj
) ⩽ vα(T, µi)−w(T, νi).
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This is absurd because Γα
i > 0 and vα(T, µi) − w(T, νi) ≤ ΓT = 0, and we get that

(ti,n, si,n) ∈ (0, T )2 for n ∈ N large enough. Passing into a subsequence if necessary,
we may assume this is true for any i, n ∈ N.

Applying the definition of semisolutions For each i, n ∈ N, define

φ(t, µ) :=
n

2

(
W 2

2 (µ, νi,n) + |t− si,n|2
)
+ εi

(
W 2

2 (σ, µ) +
1

t

)
− αt,

ψ(s, ν) := −n
2

(
W 2

2 (µi,n, ν) + |ti,n − s|2
)
− εi

(
W 2

2 (σ, ν) +
1

s

)
.

By construction, φ ∈ T+ and ψ ∈ T−. As v − φ reaches a maximum in (ti,n, µi,n) ∈
(0, T )× P2(Rd), applying the definition of subsolution, we get

α+
εi
t2i,n

− n(ti,n − si,n) +H
(
µi,n,

n

2
DµW

2
2 (µi,n, νi,n) + εiDµW

2
2 (σ, µi,n)

)
⩽ 0.

Using that εi
t2i,n

⩾ 0, the assumption (4.4) on the Hamiltonian and the estimate

∥DµW
2
2 (µ, ν)∥µ ⩽ 2W2(µ, ν), we get

α− n(ti,n − si,n) +H
(
µi,n,

n

2
DµW

2
2 (µi,n, νi,n)

)
−2εiW2(σ, µi,n)CH(1 +

√
m2(µi,n)) ⩽ 0.

(4.7)

Similarly, w−ψ reaches a minimum in (si,n, νi,n). Using the same reasoning as above,

n(si,n − ti,n) +H
(
νi,n,−

n

2
DνW

2
2 (µi,n, νi,n)

)
+2εiW2(σ, νi,n)CH(1 +

√
m2(νi,n)) ⩾ 0.

(4.8)

Combining (4.7) and (4.8) and using the assumption (4.5), there holds for any i, n ∈ N

(4.9) α ⩽ nCHW
2
2 (µi,n, νi,n) + 2εiCH

∑
ϖ∈{µi,n,νi,n}

W2(σ,ϖ)(1 +
√

m2(ϖ)).

Vanishing perturbation Recall that zi,n → zi as n→ +∞, where the convergence
is understood in Θ for the measure coordinates. Passing to the limit in (4.9) will
not give useful information, since the squared Wasserstein distance is only Θ-lower
semicontinuous, and we will not obtain an inequality on zi. Therefore, we extract
a diagonal sequence. Proceeding by induction and using (4.6), we may build an
increasing sequence of natural numbers (ni)i for which

niW
2
2 (µi,ni , νi,ni) ⩽

1

i
, sup (Φi,ni) ⩾ Γα

i − 1

i
, sup

(
Φi+1,ni+1

)
⩾ sup (Φi,ni) .

The sequence (sup (Φi,ni
))i is nondecreasing and upper bounded by Γα, thus con-

verges. On the other hand,

0 ⩽
εi
2

(
W 2

2 (σ, µi,ni) +W 2
2 (σ, νi,ni) + 0

)
⩽ Φi+1,ni+1(zi)− Φi,ni(zi)

⩽ sup
(
Φi+1,ni+1

)
− sup

(
Φi+1,ni+1

)
−→
i→∞

0.

Evaluating (4.9) along the subsequence (ni)i and passing to the limit, we obtain α ⩽ 0,
which is absurd. Consequently, Γ ⩽ 0.
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5. Characterisation of the solution in the case of control problems. Let
us assume from now on that f is autonomous. From the available theory on Euclidean
spaces, we may expect the value function given by (1.3) to be a viscosity supersolution
of the HJB equation (4.1) for the Hamiltonian

(5.1) H : T → R, H(µ, p) := sup
u∈U

−p ((Id, f [µ, u])#µ) ,

and a solution whenever J is real-valued and Θ-continuous. From this point onward,
unless otherwise stated, we assume that the Hamiltonian in (4.1) is given by (5.1).

Let us present an example. Let J : P2(Rd) → R ∪ {+∞} be given by

J(µ) := m4(µ) :=

ˆ
Rd

|x|4 dµ(x).

The function J is finite over P4(Rd), the space of Borel probability measures on Rd

with finite 4-moment. Notice that P4(Rd) is strictly contained in P2(Rd), and closed
with respect to Θ, since µ 7→ m4(µ) is narrowly lower semicontinuous; see [4, Lemma
7.1.4]. Let the dynamic f : P2(Rd)× [0, 1] → C(Rd;Rd) be given by

f [µ, u](x) := −ux, ∀x ∈ Rd, u ∈ [0, 1].

Then f [µ,U ] is convex, compact in the topology of uniform convergence on compact
sets, and |f [µ, u](0) + Lip (f [µ, u])| ⩽ 1. For each u : [0, T ] → [0, 1] measurable, the
flow of the underlying ODE is given by Y t,u

s (x) = exp
(
−
´ s
t
u(r)dr

)
x. Consequently,

J
(
Y t,u
s #µ

)
=

ˆ
Rd

exp

(
−4

ˆ s

t

u(r)dr

)
|x|4 dµ(x) = exp

(
−4

ˆ s

t

u(r)dr

)
J(µ),

and minimizing over u : [0, T ] → [0, 1] measurable, the value function is given by

(5.2) V (t, µ) = e−4(T−t)J(µ) ∈ R ∪ {+∞}.

Let us compute the Hamiltonian on V . Let (t, µ) ∈ dom V . From the expression of V
in (5.2), the derivative with respect to time is seen to be equal to ∂tV (t, µ) = 4V (t, µ).
On the other hand, the directional derivative along curves of measures of the form
h 7→ expµ(h · (Id, f [µ, u])#µ) can be explicitly computed by

J(expµ(h · (Id, f [µ, u])#µ)) =
ˆ
Rd

|x+ h(−ux)|4 dµ = (1− 4hu+ o(h)) J(µ),

which yields DµV (t, µ)((Id, f [µ, u])#µ) = −4uV (t, µ). Gathering the above compu-
tations, there holds

−∂tV (t, µ) + sup
u∈[0,1]

−DµV (t, µ)((Id, f [µ, u])#µ) = −4V (t, µ) + sup
u∈[0,1]

4uV (t, µ) = 0.

This directly implies that V is a viscosity supersolution of (4.1) in the sense
of Definition 4.1. Indeed, if φ ∈ T− is such that V − φ reaches a minimum in
(t, µ) ∈ (0, T )×P2(Rd), then ∂tφ(t, µ) = ∂tV (t, µ) and Dµφ(t, µ)(ξ) ⩽ DµV (t, µ)(ξ)
along each ξ ∈ P2(TRd)µ such that DµV (t, µ)(ξ) exists. Hence the inequality

−∂tφ(t, µ) + sup
u∈U

−Dµφ(t, µ)((Id, f [µ, u])#µ) ⩾ 0.

The aim of this section is to show that this remains valid in our setting. We begin
by the case where J may be unbounded, and then restrict to a more regular case.
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5.1. General case. We now prove that V : [0, T ]× P2(Rd) → R ∪ {±∞}, the
value function given by (1.3), is a supersolution of (4.1) for the Hamiltonian (5.1).

Theorem 5.1. Assume Hypotheses 1.2 and 1.3, and that f is autonomous. Then
the value function is a supersolution of (4.1) in the sense of Definition 4.1.

Proof. By Lemma 3.8, V is lower bounded and Θ-lower semicontinuous. Let
φ ∈ T− such that V − φ reaches a minimum in (t, ν) ∈ (0, T ) × P2(Rd). Let(
(µt,ν,un

s )s∈[t,T ]

)
n
be a minimizing sequence for the optimization (1.3). By Lemma 3.6,

there is a measurable control u : [t, T ] → U such that µt,ν,un

T
Θ
⇀ µt,ν,u

T (possibly along
a subsequence which we do not relabel). Since J is Θ-lower semicontinuous we have

V (t, ν) = V
(
t+ h,µt,ν,u

t+h

)
∀h ∈ [0, T − t].

Recall that φ(t, µ) = ψ(t) + g(µ), where ψ ∈ C1((0, T );R) and g is locally Lipschitz,
directionally differentiable and Θ-lower semicontinuous. Thus, it follows that

ψ(t+ h)− ψ(t) + g
(
µt,ν,u

t+h

)
− g(ν) ⩽ V

(
t+ h,µt,ν,u

t+h

)
− V (t, ν) = 0, ∀h ∈ [0, T − t].

Using Lemma 3.9, there exists a sequence (hn)n ⊂ (0, T − t] with hn ↘ 0, and some
b ∈ f [ν, U ] such that W2

(
µt,ν,u

t+hn
, expν(hn · (Id, b)#ν)

)
= o(hn). Dividing the above

by hn > 0, and denoting Lip (g) a local Lipschitz constant of g in a ball centered in ν
and containing all µt,ν,u

t+hn
and expν(hn · (Id, b)#ν), we have

ψ(t+ hn)− ψ(t)

hn
+
g(expν(hn · (Id, b)#ν))− g(ν)

hn
⩽ Lip (g)O(hn),

where O(hn) =
W2(expν(hn·(Id,b)#ν),µt,ν,u

t+h )
hn

. Taking the limit in n → ∞ and using the
respective differentiability of ψ and g,

∂tψ(t) +Dνg(ν) ((Id, b)#ν) ⩽ 0.

Multiplying by −1 and taking the maximum over all b ∈ f [ν, U ], we obtain that
−∂tφ(t, ν) +H (ν,Dνφ(t, ν)) ⩾ 0, which is the desired property.

5.2. Case of continuous and bounded terminal cost. We show that in the
case where J is bounded and Θ-continuous, the value function is also a subsolution
of (4.1). As it satisfies the terminal condition by definition, the comparison principle
then guarantees that it will then be the unique viscosity solution.

Theorem 5.2. Assume Hypotheses 1.2 and 1.3. Suppose that f is autonomous
and that J is bounded and Θ-continuous. Then V is a subsolution of (4.1).

Proof. By Lemma 3.8, the value function is bounded and Θ-upper semicontinu-
ous. Let φ ∈ T+, with φ(s, ν) = ψ(s) + g(ν), and (t, µ) ∈ (0, T )× P2(Rd) such that
V − φ reaches a maximum in (t, µ). Let b ∈ f [µ,U ] be arbitrary but fixed. Then the
flow s→ Y t

s of the autonomous ODE d
dsys = b(ys) is of class C1, and there holds

lim
h↘0

W2

(
Y t
t+h#µ, expµ(h · (Id, b)#µ)

)
h

= 0.

Denote µs := Y t
s#µ. Using the dynamic programming principle,

0 ⩽ V (s,µs)− V (t, µ) ⩽ φ(s,µs)− φ(t, µ) = ψ(s)− ψ(t) + g(µs)− g(µ).



20 A. AUSSEDAT AND C. HERMOSILLA

As g is locally Lipschitz, dividing by s− t and sending s→ t, we get

∂tψ(t) +Dµg(µ)((Id, b)#µ) ⩾ 0.

Multiplying by −1 and taking the sup on b ∈ f [µ,U ] yields that V is a subsolution.

In the general case, V may take the value +∞ and has no chance to be a viscosity
subsolution of the HJB equation (4.1). However, we may still prove that it is the
smallest supersolution in the pointwise sense. The argument proceeds by truncation
and regularization, relying on the following result.

Lemma 5.3. Let J : P2(Rd) → R ∪ {+∞} be lower bounded and Θ-lower semi-
continuous. Then for each N ∈ N, there is a nondecreasing sequence of bounded
Θ-continuous maps Jn : P2(Rd) → R that converge pointwise towards J over KN .

Proof. Denote χN : P2(Rd) → R∪ {+∞} the characteristic function of KN , i.e.
χN (ν) = 0 if m2(ν) ⩽ N , and χN (ν) = +∞ otherwise. Since KN is Θ−compact, χN

is Θ−lower semicontinuous. Moreover, the function ν 7→ J(ν) + χN (ν) is narrowly
lower semicontinuous. Indeed, this is due to the fact that the topology Θ coincides
with the narrow topology on KN . Let d : P2(Rd) × P2(Rd) → R+ be a metric
inducing the topology of narrow convergence over P2(Rd) (e.g. [4, Section 5.1]), and

Jn(µ) := min

(
n, inf

ν∈P2(Rd)
(J+ χN )(ν) + nd(µ, ν)

)
.

We directly have Jn(µ) ⩽ min (n, J(µ)) ⩽ J(µ) for all µ ∈ P2(Rd). As Jn is lower
bounded, using that inf(g1)− inf(g2) ⩽ sup(g1−g2), for each µ0, µ1 ∈ P2(Rd) we get

Jn(µ0)− Jn(µ1) ⩽ max

(
0, sup

ν∈P2(Rd)

n (d(µ0, ν)− d(µ1, ν))

)
⩽ nd(µ0, µ1).

By symmetry, Jn is n-Lipschitz w.r.t. d, thus Θ-continuous. It is moreover bounded
with values in [min (0, inf (J)) , n]. To prove pointwise convergence, let µ ∈ KN be
fixed. Assume by contradiction that there exists M < J(µ) such that Jn(µ) ⩽M for
all n. Let ε := min(1, J(µ)−M) > 0. Since J+χN is narrowly lower semicontinuous,
there exists r > 0 such that d(µ, ν) < r implies (J+χN )(ν) ⩾M+ε/2. In particular,
inf

d(µ,ν)<r
(J+ χN )(ν) + nd(µ, ν) ≥M + ε/2. From the definition of Jn we have

Jn(µ) = min

(
n, inf

d(µ,ν)<r
(J+ χN )(ν) + nd(µ, ν), inf

d(µ,ν)⩾r
(J+ χN )(ν) + nd(µ, ν)

)
,

and so

Jn(µ) ≥ min

(
n,M +

ε

2
, inf
d(µ,ν)⩾r

(J+ χN )(ν) + nr)

)
≥ min

(
n,M +

ε

2
, inf J+ nr

)
.

Taking n large enough so that nr ⩾ M + ε
2 − inf(J) and n ⩾ M + ε/2, we get

Jn(µ) ⩾M + ε
2 , which is absurd. Thus the claim.

This regularization allows us to implement the strategy of [32, Prop. 1.1].

Theorem 5.4. Assume Hypotheses 1.2 and 1.3. Suppose that f is autonomous.
Then for any supersolution v : [0, T ]×P2(Rd) → R∪{+∞} of (4.1) such that v(T, ·)
is not identically +∞ there holds

(5.3) v(t, ν) ⩾ V (t, ν), ∀(t, ν) ∈ [0, T ]× P2(Rd).

Consequently, the value function V is the smallest viscosity supersolution of (4.1).
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Proof. Let (t̄, ν̄) ∈ [0, T ] × P2(Rd). From (3.3), we can find N ∈ N, such that

µt̄,ν̄,u
T ∈ KN for any measurable control u : [t̄, T ] → U . If v(t̄, ν̄) = ∞, the inequality

(5.3) is trivially satisfied. Assume now that v(t̄, ν̄) < ∞. Let (Jn)n be given by
Lemma 5.3. By Theorems 5.1 and 5.2, the HJB equation

(5.4) − ∂tvn(t, µ) +H (µ,Dµvn(t, µ)) = 0, vn(T, µ) = Jn(µ)

admits a unique solution given by

Vn(t, ν) := inf
{
Jn(µ

t,ν,u
T )

∣∣ u : [t, T ] → U is measurable
}
, ∀(t, ν) ∈ [0, T ]× P2(Rd).

Note that the map v is a supersolution of each regularized problem (5.4). Let σ ∈
P2(Rd) such that v(T, σ) ∈ R: since v(T, σ) ⩾ J(σ) ⩾ Jn(σ) = Vn(T, σ), we have
−∞ < Vn(T, σ) − v(T, σ) ⩽ 0. In consequence, we can apply Proposition 4.4, and
deduce that v(t, ν) ⩾ Vn(t, ν) for any (t, ν) ∈ P2(Rd).

By Proposition 4.4, the solutions Vn are ordered in the sense that Vn+1(t, ν) ⩾
Vn(t, ν) for all n. Moreover, Jn ⩽ J implies that the subsolutions Vn are smaller
than the supersolution V . Hence the sequence (Vn(t̄, ν̄))n is nondecreasing and upper
bounded by v(t̄, ν̄) < ∞, and converges. For each n ∈ N, let un : [t, T ] → U be a

measurable control such that Vn(t̄, ν̄) ⩾ Jn

(
µt̄,ν̄,un

T

)
− 1

n . Using Lemma 3.6, some

(non relabeled) subsequence converges in Θ to µt̄,ν̄,u
T for some measurable control

u : [t, T ] → U . Using the monotonicity of the family (Jn)n and the continuity in Θ
of each Jm for a fixed m,

lim
n→∞

Vn(t̄, ν̄) ⩾ lim inf
n→∞

Jn

(
µt̄,ν̄,un

T

)
− 1

n
⩾ lim inf

n→∞,n⩾m
Jm

(
µt̄,ν̄,un

T

)
− 1

n
= Jm

(
µt̄,ν̄,u

T

)
.

Since µt̄,ν̄,un

T ∈ KN , the conclusion follows from taking the limit in m→ ∞ to obtain

v(t̄, ν̄) ⩾ lim
n→∞

Vn(t, ν) ⩾ J
(
µt̄,ν̄,u

T

)
⩾ V (t̄, ν̄).
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